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Abstract
High conversion efficiency between electrical and optical power is highly desirable both for high peak
and high average power radiation sources. In this paper we discuss a newmechanismbased on
stimulated superradiant emission in a strongly tapered undulator whereby a prebunched electron
beamand focused laser are injected into an undulator with an optimal tapering calculated by
dynamicallymatching the resonant energy variation to the ponderomotive decelerating gradient. The
method has the potential to allow the extraction of a large fraction (∼50%) of power from a relativistic
electron beamby converting it into coherent narrow-band tunable radiation, and shows a clear path to
very high power radiation sources of EUV and hard x-rays for applications such as lithography and
singlemolecule x-ray diffraction. Finally, we discuss a technique using chicane delays to suppress the
sideband instability, improving radiation generation efficiencies for interaction lengthsmany
synchrotronwavelengths long.

1. Introduction

Among coherent radiation sources, free-electron lasers (FEL) carry unique advantages such aswavelength
tunability and access to the short wavelength region of the electromagnetic spectrum. FELs are not limited by
thermal or non-radiative lossmechanisms characteristic of atomic lasers based on solid state and gas phase gain
mediums.Nevertheless, saturation effects limit the conversion efficiency to levels comparable with the Pierce
parameter ρwhich is typically 0.1%< [1]. FEL undulator tapering [2] has been shown to allowmuch larger
efficiencies. At very longwavelengths (35 GHz)where it is possible to use awaveguide tomaintain an intense
radiationfield on axis, up to 35%conversion efficiency has been demonstrated [3]. At shorter wavelengths
[4, 5], the reduction of gain guiding and the onset of spectral sidebands have limited the effectiveness of tapering
[6]. For example at the LCLS, the power extraction has remainedwell below the percent level limiting the
amount of energy in the pulse to a fewmJ.Higher conversion efficiencies could lead to unprecedented intensity
x-ray pulses with over 1013 photons per pulse providing sufficient signal-to-noise to enable the long sought goal
of singlemolecule imaging [7]. In the visible andUV spectral ranges, large electrical to optical conversion
efficiencies are also very attractive for the development of high average power (10–100 kW-class) lasers
especially when considering that superconducting radio-frequency linacs can create relativistic electron beams
with very highwall-plug efficiencies andMWaverage power.

Inorder to increase the electro-optical conversion efficiency,wenote that theburgeoningfieldof laser
accelerators ismaking extremeprogress on theopposite problem—that is, optical to electrical power conversion.
Among the various schemes for laser acceleration, the inverse free-electron laser (IFEL) accelerator is a far-field
vacuum-based schemewhichuses anundulatormagnet to couple a transversely polarized radiationfield to the
longitudinalmotionof the electrons [8]. The lack ofnearbyboundaries or amedium (gas, plasma) to couple the
light to the electrons implies very little irreversible losses and inprinciple enables very high energy transfer
efficiencies. Simulations show that an IFEL couldbeoptimized to transfer 70%of optical power to a relativistic
electron beam [9]. Recent experimental results demonstrated energy doubling of a 52MeVbeamwith∼100
MeVm−1 average accelerating gradients and capture of up to 30%of anunbunched electron beam [10] using a
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strongly tapered undulator in a helical geometry IFEL interaction.Reversing the process to decelerate a prebunched
beamby the samemechanism, itwould be in principle possible to transfer back to the drive laser half of the electron
energy—effectively extracting 50%of the electronbeampower and converting it into coherent radiation [11].

Based on this idea, we investigate in this paper a novel scheme for efficient generation of radiationwhereby a
high intensity seed laser pulse and a relativistic electron beam copropagate in a tapered undulator and the IFEL
interaction is used to decelerate the beam. The scheme relies on the coherent emission of a prebunched beam
going through an undulator in the presence of an intense driving field (i.e. stimulated superradiance emission
[12]). Very strong tapering of the undulator is the other key ingredient to enable high conversion efficiencies and
support large deceleration gradients and electron energy losses.

This tapering-enhanced stimulated superradiant amplification (TESSA) can be viewed as essentially an IFEL
accelerator run backwards as a decelerator (see figure 1). The drive laserfield stimulating the electron emission
can be obtained froman external seed laser or, in a spectral regionwhere external sources are not available, from
redirecting FEL radiation into a TESSA afterburner undulator [13]. In this case, the FEL radiation can be
refocused to reach peak intensities significantly larger than the FEL saturation level, thereby greatly increasing
the initial decelerating gradient. In principle, it is also possible to obtain the seed pulse from the build-up in an
oscillator cavity [14]. The required beamprebunchingmay be obtained by using the seed laser and a constant
parameter undulator possibly in combinationwith one ormore chicanes to applyR56 for larger bunching factors
and reduced energy spread [15].

2. Tapering design

TheTESSAparticle dynamics in longitudinal phase space are best understood in the formalism of a high-
gradient IFEL decelerator.We begin the analysis with the 1DFEL/IFEL equations [2] but limit the discussion to
helical undulators as they offer at least twice the accelerating or decelerating gradient of planar ones [9]
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Here, γ is the particle energy in units of the rest energy m c0
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2= are
respectively the undulator and laser field normalized vector potentials. k 2π λ= and k 2w wπ λ= are the laser
and undulatorwavenumbers, and k k z t( )wψ ω= + − is the ponderomotive phase—that is, the phase of
particles in the sinusoidal potential formed by the combined action of the laser and undulatorfields on the
electrons.

Resonant interaction requires a slowly varying ponderomotive phase rψ throughout the undulator. This is
achieved by requiring zd d 0ψ = in equation (1b) for a resonant particle, leading to the resonance condition

Figure 1.An implementation of TESSA. The diagram in (a) shows a seed laser focused into the strongly tapered undulator alongwith
a prebunched electron beam. As the e-beam energy—blue represents high energy while red is low—decreases along the undulator, the
laser power grows. Plots of (b) the normalized electron energy and laser power along the undulator and (c) initial and final
longitudinal phase spaces are shown.
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k K k(1 ) 2r w
2 2γ = + . The resonant phase is a key parameter for the system and determinesmany properties of
the longitudinal dynamics such as the gradient and the extent of the stable trapping area in the phase space
(bucket). In general rψ is chosen around 4π tomaximize extraction efficiency,finding the best compromise
between deceleration and detrapping.

Taking the derivative of the resonant condition, a decelerating gradient can then be determined from the
variation in the undulator parameters along z:
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For a given resonant phase rψ , there are different ways to optimize the tapering. For an undulatorwith
constant periodwhere zd d 0wλ = , setting the resonant energy gradient in equation (2) equal to the
ponderomotive gradient in equation (1a) yields an equation for determining the optimumvariation ofK:
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Changing the undulator period brings further advantages, both inflexibility (one can keep a largerK along
the interaction), and in practical implementation since usually themagneticfield depends on the undulator
period. Equating the right sides of equations (2) and (1a) for varying period yields
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This tapering equation can be solved once an undulator builder equation relatingK to the undulator period

wλ is given.While there aremany undulator designs whichmay relate these parameters, one particular design is a
helical permanentmagnetHalbach undulatorwith an undulator builder equation given by

K B1.8 e ,
e

mc r
g

2
w w≅ λ

π
π λ− where g is the undulator gap andBr is the remnant field of themagnets [16]. This specific

undulator design is particularly useful andwill be used in the examples below.Ultimately, themaximum energy
extracted is limited by the feasibility of constructing an undulator with parametersmatched to the resonance
condition for the decelerated beam.

2.1. Low gain regime
In order to reach a better understanding of the TESSA dynamics, we start by analyzing the low-gain regime
where the radiation power does not significantly change along the undulator. Defining the efficiency as the
relative change in energy for the beam 1fnet 0η γ γ= − and assuming 1netη∣ ∣ ≪ for the constant period tapering

case, we obtain an estimate of N K2 sinw l rnetη π ψ≈ − . In practice to reach tens of percent efficiency, the number

of periods in the undulatorNw should be on the order of Kl
1− . This regime can be useful in an oscillator

configuration (an analysis without undulator tapering is presented in [14])where a small fraction of the output
power is split and redirected at the input and the low gain is compensating the losses per pass. Note that if the
injected electron beam is not prebunched, thefirst section of the interaction can be designedwith 0rψ ≈ until
full bunching occurs and the deceleration can start. Since the efficiency in the low-gain regime is independent of
beamparameters, the output radiation power scales linearly with the input e-beam current. Considering
diffraction, for a nearly constant undulatorK, efficiency ismaximizedwhen aTEM00Gaussian seed laser is
focusedwith a Rayleigh range of z L0.15r w≈ to a waist at the undulatormidpoint [9].

2.2.High gain regime
Whenever the stimulated superradiant emission becomes the dominant contribution to the total laser field
driving the interaction, the undulator can be taperedmore aggressively in order to take advantage of the
additional ponderomotive drive. In this case, the taperingwhichmaximizes conversion efficiency depends on
the injected e-beam current since a higher current generatesmore radiation per unit lengthwhich allows larger
decelerating gradients and higher electro-optical energy transfer rates. Thus, whereas the output radiation
power scales linearly with injected current in the TESSA low gain regime, the output power in the high gain
regime grows faster than linearly with respect to input e-beam current.

Themain difference in calculating the tapering is that nowKl is the total electromagnetic field due to the seed
plus the stimulated radiation, which is a dynamic variable evolving throughout the interaction and depending
on the entire history of the e-beam spot size, current profile, and change in resonant energy throughout the
interaction. The result is a complicated delay differential equation forKlwhere three-dimensional (3D) effects
play an important role. In this case, it is easier to optimize the undulator tapering by solving for the actual field
evolutionwith the help of 3D simulations.
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In practice, thewell-benchmarked 3DFEL simulation codeGenesis [17] is used to solve for the intensity of
the radiation sampled by the electrons after a small number of undulator periodswithout tapering. This value is
then fed into the tapering equation to calculate the optimumchange of parameters for the following undulator
section. These parameters alongwith the recorded particle and radiation distributions from the previous
simulation are read byGenesis for the next step of the calculationwhich evolves the system for another small
section of undulator. The optimization algorithm is then repeated until the end of the undulator. The result is an
optimumundulator tapering and a self-consistent 3D simulation of the evolution of the electron beam and
radiation in the optimized tapered undulator.

This tapering generation algorithm, dubbedGenesis-informed tapering orGIT, can be used both in the
constant and the varying period cases. For the former, equation (3) is used to calculate the undulatorK
parameter variationwhile the period is held constant to the initially assigned value. For the variable period
undulator, equation (4) is usedwhereK is related to the period by the undulator builder equation.

It is of critical importance to choose the variation of the undulator parameters in order tomaintain the
majority of the particles trapped in the ponderomotive bucket. In particular due to 3D effects, not all particles
experience the same laser intensity orKl. In order to account for this problem,GIT looks up the local intensity
seen by eachmacro-particle in the simulation and softens the tapering to keep any desired fraction of the beam
trappedwithin the resonant bucket.

A particlemaintains resonance if it is trapped near a localminimumof the ponderomotive potential. For
particles with small relative energy deviations from resonance 1rη γ γ= − , theHamiltonian can be
approximately written as
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Particles in regions of phase spacewith H 0< are trappedwithin the bucket, while particles outside of the
bucket where H 0> are free. It is important to note that the size and location of the bucket changes with the field
sampled by each particle. Equation (5) isfirst evaluated for each particle with 0rψ = to select particles with
H 0< .We then determine theminimumKl for this fraction of particles and use it with the tapering equations to
determine the tapering of the undulator parameters.

With thismethod, it is helpful to start with a prebunched beam so that the tapering is allowed to change
rapidly. Prebunching via themethod of energymodulationwith an undulator followed byR56 via a chicane or
drift is greatly desirable here as it results in highly bunched beamswith reduced energy spread, which increases
ease of trapping by concentrating the injected e-beam in phase space. The use of a chicane also enables the
e-beambunches to be phase shifted to the center of the accelerating bucket. Furthermore, refocusing the driving
radiation increases the bucket height, further decreasing theHamiltonian and therefore increasing ease of
trapping.

The advantages of prebunching and focusing the radiation before decelerationwith TESSA help explain the
advantages with respect to standard FEL tapering. The FELmechanism fills the ponderomotive bucket at zero
resonant phase so that only a relatively small core region of phase spacemay bematched into an accelerating
bucket. Conversely, the TESSA approach tailors the input phase space tomatchwell a strongly decelerating
bucket from the beginning, allowing strong decelerationwithout sacrificing a significant fraction of the injected
beam, and then optimizes the deceleration bymatching the tapering and ponderomotive gradients while
selecting the resonant phase in order tomaximize trapping.

3.High power EUV light source

In the rest of this paperwe examine the results of GIT for a couple of relevant cases where high extraction
efficiency can enable break-through applications for electron beam-based light sources. In the first example we
consider a 1 GeV linac-driven radiation source for EUV lithography, which requires achieving high average
power at 13.5 nm. In a conventional SASE FEL optimized for this wavelength range, a practically achievable
Pierce parameter is on the order of∼0.002, thus a state-of-the-art superconducting RF light source such as XFEL
can achieve about 100Waverage power output with∼50 μA average current. Applying a conventional adiabatic
tapering technique tomaximize the output powerwith a 5 GWseed and 23 m long undulatorwith parabolically
taperedK could possibly increase the efficiency to 18%as shown infigure 2(a), yielding 8 kWaverage power
which is still insufficient tomeet industry needs of roughly 20 kWaverage power.

On the other hand, using a refocused EUV seed to drive a TESSA amplifier, it is possible to convert nearly
half of the electron beampower into the 13.5 nm light, all within a 23 m long undulator. The solid lines in
figure 2 show the radiation power increase from the starting seed peak power of 5 GW from an upstreamFEL to
afinal >1.8 TWas the electron beamwith amodest initial bunching factor of 0.58 is decelerated in the process
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from1 GeV to 320MeV for a variable period undulator. Note that this remarkable numerical result still
corresponds to a relativelymodest decelerating gradient value of about 30MeVm−1, something that has already
been demonstrated experimentally in the inverse (IFEL) configuration.

While the undulator builder equation describes the relationship between period and field amplitude for
fixed gap, it is also possible to change thefield by increasing the gapwhile holding the period constant. The
results of simulations for afixed period undulator optimization (dashed curves infigure 2) show a reduced
output peak power of 1.35 TW, demonstrating that varying the period of the undulator improves the conversion
efficiency as the shorter undulator period results inmore total periods.

Applying these results to the same example of a 50 μA average current XFEL-like driver beam (1 GeV
electron energy, 20 kHz rep rate, 4 kApeak current, and 500 fs rms bunch length) with the TESSA afterburner,
one can achieve >20 kWaverage power output at 13.5 nm—well within the application target range.

4. X-ray FEL afterburner

In the second example, we consider the application of TESSA tapering to the generation of hard x-rays. The
challenge here is tomaximize the energy per pulse in order to enable singlemolecule imaging.More than 1013

photons in a >10 fs pulse are required in order to beat the damage and obtain the diffraction information before
destroying singlemolecules [18]. For 4 keVphotons (3 Åwavelength), the peak power corresponding to this
pulse approaches 1 TW.

We start our simulationswith an unbunched electron beam and 5MWof seeded FEL radiation power,
which is typical after self-seeding [19]. An important effect is uncovered by the time-dependent simulations.
When trapped in the ponderomotive potential, the electrons undergo synchrotron oscillations in longitudinal

phase space with period z K KK(1 ) 4 coss w l r
2λ ψ= + and sideband frequencies are generated as discussed in

[4]. In the time-domain, these correspond to oscillations in the time-profile of thefield amplitude.
This effect is clear in the simulation results shown infigure 3wherewe follow a 5 fs slice of the beam along

the undulator. The ripple in the temporal power profile shown infigure 3(b) appears in the spectrum in
figure 3(c) as sidebands around the central resonant frequency. As the amplitude of this oscillation grows,
particles in those slices experiencing lower laser intensities detrap from the ponderomotive bucket and efficient

Figure 2.The results of GIT optimizations for a 1 GeV, 4 kA e-beamwith amoderate initial bunching factor of 0.58 lasing at 13.5 nm
with a seed power of 5GW froman upstreamFEL are shown in the above plots for the case of varying period (solid lines) and constant
period (dashed). Also shown are the results of simulations for an undulator with parabolic tapering (dotted–dashed lines). Plot (a)
shows the radiation power and resonant energy versus position along the undulator while plot (b) shows the undulator period and
strengthK for each tapering. Plot (c) shows the bunching and fraction captured along the period-tapered undulator while (d) shows
the output longitudinal phase space.
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energy exchange stops.While time independent simulations yield 13 TWof power, the sideband instability
limits the average power of time dependent simulations to less than 6 TWas shown infigure 3(a).

This synchrotron sideband instability is somewhatmitigated by strong taperingwhich causes the
synchrotron frequency to quickly vary along the interaction [20]. In order to suppress further the sideband
instability, we introduce delaymodules periodically throughout the undulator. The function of these delays [21]
is to introduce 180° phase shifts for the sideband oscillations while preserving the phase of the fundamental
resonant frequency. The required delays are on the order of z K(1 ) 4s

2 2γ+ or 30–100 nm for our case and can
be introduced usingmagnetic chicanes. Isochronous chicanes are preferred for this application since due to the
large energy spread of the electron beamduring the deceleration, bunching and trapped fraction are degraded by
the introduction of a large chicane dispersion. The number of the chicanes required to suppress the formation of
the sidebands is set by the instability growth rate.

Simulations with such delays placed every 13 m (9 delays total) yieldmore than 11 TWpeak power levels and
nearly 10 TWaverage powerwith 120 mundulator as shown infigure 3 and summarized in table 1. For an 8 fs
electron beam2 times longer than the 4 fs total slippage length, this simulated output power corresponds to

1014∼ photons per pulse. Simulationswithmore frequent delays, also shown infigure 3(a), further reduce the
sideband growth and produce average powers approaching that of time independent simulations.

Figure 3.GIT simulations for the case of an x-ray FEL afterburnerwith a 14.35 GeV, 4 kAunbunched electron beam and 5 MWseed
laser with 3 Åwavelength. Shown along the undulator in (a) are themean powers for simulationswith identical initial conditions but
different frequencies of chicane delays used to suppress the sideband generation. (b) and (c) show the output temporal profiles and
spectra for a standard time dependent simulation and a sideband suppressed simulationwith delays every 13 m. The undulator
parameters and bunching factor for the case with delays per 13 mare depicted in (d) and output longitudinal phase space is depicted in
(e).

Table 1. Simulation parameters.

Parameter EUV X-ray

E-beam energy 1 0.32 GeV→ 14.35 10.7 GeV→
Rms energy spread 0.002 0.0001

E-beam current 4 kA 4 kA

E-beam emittance 2.0 mm mrad 0.3 mm mrad

E-beam spot size 45 μm 10.5 μm

Initial bunching 0.58 shot noise

Laser peak power 5 GW 1.8 TW→ 5 MW 9.6 TW→
Laserwavelength 13.5 nm 3.0 Å

SeedRayleigh range 1 m 3 m

Seedwaist 3 m 4 m

Undulator period 2.32 1.00 cm→ 3.34 2.90 cm→
UndulatorK 1.86 0.19→ 3.63 2.85→
Undulator length 23 m 120 m

Resonant phase 0 1.14→ 0 0.66→
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5. Conclusions

In conclusion, TESSA is a novel approach to convert a significant fraction (nearly 50% in one of our examples) of
the energy of a relativistic electron beam into radiation by using tapering optimization techniques developed in
the design of high gradient laser accelerators. This paper provides a physical basis for choosing the optimum
tapering by dynamicallymatching the resonant energy gradient set by the undulator to the ponderomotive
gradient due to the combined undulator and radiationfields.

Themechanism is ideal for taking advantage of the relatively highwall-plug efficiency of particle
accelerators.Maintaining high conversion efficiencies fromwall to e-beam to radiationmay allow the
production of ultra high average power visible light sources with awide range of applications including fusion
science, defense and optically-driven accelerators for high luminosity colliders [22]. In the near term, the single
pass efficiency enhancement brought by TESSA can be used to generate high average power EUV light sources
and coherent x-ray pulses of unprecedented intensity.
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