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Discrete-Time Signals and Systems

* Introduce notation associated with discrete-time signal processing.
» Description of elementary discrete-time signals.
* Properties of discrete-time LTI systems.

« Difference equation representation and block-diagram representation of
discrete-time systems.

» General description of causal, discrete-time LTI systems.
» Discrete-time convolution.

« Reevant sectionsin Mitra: 2.1-2.5
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Continuous-time signals are functions of a continuous-valued independent variablet.
They exist at all values of t.

Discrete-Time vs Continuous-Time

Xa()

o
A 4
—

By contrast, discrete-time signals are functions of an integer-valued index (eg n, m, k)
The signals have no meaning for non-integer values of the independent variable.

1 X[1]

Wl—e « X2

N |—e
AN
ol—-e

[ ]
Ale

x[n] l l l T

We will try to follow the convention of representing a continuous-time signal with (), eg
X(t), and discrete-time signalswith [], eg x[ K] .
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Discrete-Time Signals
» Discrete-time signals may be inherently discrete-time (eg turn-by-turn beam position at

one monitor).
e Or may have originated from the sampling of a continuous-time signal.

%(3T) X(T)

Xa(0) ,W ------- --4T-3T-2T-T 0

T 2T 3T 4T J/T/T:
» Sampled-data signals are assumed to have been sampled at periodic intervals T.

« The sampling rate must be sufficiently high to extract all the information in the
continuous-time signal, otherwise aliasing occurs.

« Later on, we will discuss issues relating to amplitude quantization associated with
representing discrete-time signals digitally, but in general we assume that discrete-time
signals are continuously-val ued.
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Elementary Discrete-Time Signals
Unit impulse
il n=0
dln] =i .
10 ntO
Unit step
10 g
ufn] =i
o 10n<0O

The unit step and unit impulse are related as follows

u[n]:gd(n—k) d[n] =u[n] - u[n- 1]
k=0
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Less-Elementary Discrete-Time Signals

Snusoid

oo Il
Note thatw, must bea H“ J;HJ;

rational multiple of p for
X[n] to be periodic.

Real Exponential

a<l >

e | ol

‘IITTTTTT?: uuuuu bn oo a8 q?TTTTTIII‘Y -
C-T equivalent:

N 1 - 1<a<0 a<-1 [
X(t)_e “ I I v s & PRGN oy oo o ° 9 { I ], -

T BERERN
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Less-Elementary Discrete-Time Signals (cont)

Complex Exponentid
. _ f = phase
xn]=a" where  a=elf »¢®.7".)  w = frequency
s =damping

x[n] = elf xS WM = 5" Jeosw n+f ) + jsin(w,n +f )]

e
1% Magnitude ot Real Part
oo 6 TP”J; (Boumm%w EOOEOSEEERSEEEE0aEa
M,
0 10 2 30 40 50
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Discrete-Time Frequency Units

» Consider the continuous-time sinusoid with continuous-time frequency f.
X4 (1) = Ascos( 2pf.t) = A>cos( W t)

 Sampling thisat intervals T (=1/Fy) resultsin the discrete-time sequence

x[n] = A>cos(W.Tn)

= A>4cos§vi mg: Amos?p We ng
Fs [%] Ws (]
= Axcos(w, )
where, 5 o SN
_n _ pn _p>° _
nT -_ F -_ W and Wd —_ - ¢ —_ WCT
S S S

* Theunits of the discrete-time frequency wy are radians per sample, or simple radians,
with range

-p <wyg<p o O<wy<2p

USPAS ‘99 - Fundamentals of Digital Sgnal Processing D-T Signalsand Systems - John Carwardine
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Discrete-Time Frequency Units (cont)

How would we determine the continuous-time frequency associated with the discrete-
time sequence below?

If we are not given the sampling frequency, we can do no better than to determine the
frequency in terms of cycles/'sample. In this example, each sinusoid has 10 samples, so

the discrete-time frequency is 0.1 cycles/sample.

 Examples
Continuous-time Sampling Discrete-time
Cycles/sec | Radians/sec | frequency | Cycles | Radians
100Hz 200p 1000Hz 0.1 p/5
1Hz 2p 2Hz 0.5 p

D-T Signalsand Systems - John Carwardine
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Discrete-Time Systems

» A system receives one or more inputs, and generates one or more outputs that are
somehow dependent on the input(s).

 Wewill deal exclusively with single-input, single-output systems.

X[n] ———— T{} [ yIn]
Examples yn] = 2x[n] T{.}= Gain of 2
y[n] = x[n- 2] T{.} = 2-sample delay
y[n] = X2[n] T{.} = Instantaneous power
USPAS ‘99 - Fundamentals of Digital Sgnal Processing D-T Signalsand Systems - John Carwardine
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e
Causal, Linear, Time-Invariant Systems

A systemislinear, if the output scales linearly with the input

If T{x[n]} = y4[n]
and T{x,[n]} = y,[n]
then T{x[n]+ Xx;[n]} = y,[n] + y,[n]

If two cascaded systems are both linear, then the output does not depend on the order
that the two systems appear

xinl —= T1{} "L o) - ying

yln] =To{wln]} = To{Ty{X[Nn]} = Ti{To{ X[n]}

USPAS ‘99 - Fundamentals of Digital Sgnal Processing D-T Signalsand Systems - John Carwardine
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Causal, Linear, Time-Invariant (LTI) Systems (cont)

« If theinput to atime-invariant system istime-shifted by an arbitrary amount, then the
output is shifted by the same amount

If T{x[n]} = y[n]
then T{x[n- k]J} = y[n- K]

* The output of acausal system depends only on present and past inputs and outputs.
Causal y[n] = x[n]+ 3x[n- 1] - 2X[n - 2]

Norrcausal  Y[N1 = x[n+1]+3x[n]- 2x[n - 1]

e  Which of the following systems are linear and/or time-invariant and/or causal?

yln] = A&X[n]+ Bx[n- 2] y[n]=-2x[-n]

y[n] = x[2n] y[n] = A[n- 3]+C
y[n] = x*[n] y[n] = x[2n +1]
USPAS ‘99 - Fundamentals of Digital Sgnal Processing D-T Signalsand Systems - John Carwardine
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Basic Operations on Signals

Adder

X, [n] »@—» yin]

X,[N]

yin] =xy[n] + xa[n]

Unit Delay

X[n] —»

ub

—> y[n]

y[n] =x[n- 1]

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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Multiplier

a
xn] —B=— yn]

yin] =a>x{n]

Product

X, [n] »@—» yin]

X,[n]

yin]=x[n]>x[n]

D-T Signalsand Systems - John Carwardine
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Representing Discrete-Time Systems

» Consider the following block diagram o,
X[n-1] h[0] = x[0] - 1.5x[- 1] - 0.5X[- 2] =1
x[n] UD h[1] = x[1] - 1.5x[0] - 0.5x[- 1] =1.5

n[2] = x[2] - 1.5x[1] - 0.5x[0] =- 0.5
h[3] = X[3] - 1.5x[2] - 0.5x[1] =0
M

e Theimpulse response sequenceis
therefore

y[n] =x[n]- 1.5x{n- 1]- 0.5x[n- 2] h[n] ={1- 1.5,- 0.5}

« Theoutput y[n] difference equationis

» Tocompute the impulse response, we

make x[n] a delta function, ie  ThisisaFinite Impulse Response (FIR)

system.
X[0] =1
X[1] =0
M
USPAS ‘99 - Fundamentals of Digital Sgnal Processing D-T Signalsand Systems - John Carwardine
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Recursive Systems

« Thefollowing system is recursive (it uses past output values in the computation of the

present output value).

x[n] ubD | X[n-1]
05 0.25
S y[n]
o
ubD
y[n-1]

First nine points of the impulse response
0.5
0.4}

0.3r

0.2

O.1r

(o} 2 4 6 8

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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 Thedifference equationis
y[n] =0.5x[n] +0.25x[n- 1] +0.5y[n - 1]

e Theimpulseresponseis

h[0] = 0.5d[0] + 0.25d[- 1] + 0.5y[- 1]
=05

h[1] = 0.5d[1] + 0.25d[Q] + 0.5y{0]
=05

h[2] = 0.5d[2] + 0.25d [1] +0.5y{1]
=0.25
M

h[k] = 0.5y[k - 1]

 Thisisan Infinite Impulse Response
(IIR) system.

D-T Signalsand Systems - John Carwardine
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General Description of LTI Systems

o All LTI systems can always be represented by constant-coefficient difference equations

of theform
Mo—l No—l
yinl= a akx{n- k]- abky[n- K]
k=0 k=

 Thetwo common realizations of this general difference equation are

Direct-Form Canonica Form

y[n] x[n] S yin]

USPAS ‘99 - Fundamentals of Digital Sgnal Processing D-T Signalsand Systems - John Carwardine
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Discrete-Time Convolution

e Consider the system described by the following block diagram

x[n]

ubD

ub

Vao

y[n]

 Thedifference equationis

y[n] =agx[n] +aX[n- I +a,x[n- 2] +agx[n- 3

 And from previous discussion, we can deduce that the impul se response sequenceis

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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hn]={ag,a1,a2,a3}
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Discrete-Time Convolution (cont)

» Sinceinthis case, the impulse response sequence and the system coefficients are one
and the same, we can replace the coefficients by the impul se regponse sequence

X[n] uD uD uD

Yhor  Yh[ hi2] hi3]
S yin]

 Thedifference equation is now given by

yin] =h[O]{n] +hI]Xn- 1] + h[2]{n- 2] +h[3]xn- 3]

Or equivalently 3

yinl= & hik]xqn- K]
k=0

* Thisisthe convolution equation for a general 4-coefficient FIR system

USPAS ‘99 - Fundamentals of Digital Sgnal Processing D-T Signalsand Systems - John Carwardine
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Discrete-Time Convolution Example

e Convolvethefollowing input and impulse response sequences

x[n] ={1- 1,2,30,0,...}

{ I ) T x[n] UD [t UD

XQ) x(2 x(0)

ubD

Y os 1 1

h[n] ={0.51,1,0.5)

05
3

S vl Y[l = & h{K]xn- K]

k=G

Computing the output point-by-point, we get

X[n]J_)J_L
| D z,rmT

hinl o1t

y[n]
USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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y[0] =0.5(1) =0.5

y[1] =0.5-1) +1(1) =0.5

y[2] =0.5(2) +1(- 1) +1(1) =1
y[3]=0.53)+1(2) +1(- 1) +0.5(1) =3
y[4] =0.5(0) +1(3) +1(2) + 0.5(- 1) =45
y[5] = 0.5(0) +1(0) +1(3) +0.5(2) =4
y[6] =0.5(0) +1(0) + 1(0) + 0.5(3) = 1.5

D-T Signalsand Systems - John Carwardine
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IR Convolution Example

—inan0—
» Convolvethefollowing signal and causal impulse response :[[01‘831 ';9
1]=(0.9~=0.
x[n] ={2,31,0,...} h{n] = (0.9)" — h2]=(0.9)2 =081
M
¥ s K
yin]= a hk]{n- k]= a (0.9)" x{n- K]
k=-¥ k=-¥

 Now x[n] isnon-zeroonly for 0£ n £ 2, and h[n] is non-zero only whenn 3 0, sowe
only need consider the cases when

O£(n-K)E2 and k3 QO
 Forn=0, only k=0isvalid, so we get

y[0] = (0.9)°X[0] = (1) x{0] = 2
 For n=1, both k=0, and k=1 satisfy the limits, so

vi1 = (0.9)9x(1) + (0.9)1x[0] = (1)(3) + (0.9)(2) = 4.8

USPAS ‘99 - Fundamentals of Digital Sgnal Processing D-T Signalsand Systems - John Carwardine
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IR Convolution Example (cont)

e Forn=2, bothk=0, k=1 and k=2 arevalid, so
vI2] = (0.9)9x12] + (0.9 {1 + (0.9) 2 X[0] = (1)(1) + (0.9)(3) +(0.81)(2) = 5.32

e Forn=3, wefindthat k=1, k=2 and k=3 are valid, so

vI3] = (0.9)1x[2] + (0.9)2 X[1] + (0.9)3X{0] = (0.9)(1) + (0.81)(3) + (0.729)(2) = 4.788
o Thefirst 20 points are plotted below

05 |
04 L
03 |

0.2 p

i

0 5 ~ 10 15 20
Time-step

USPAS ‘99 - Fundamentals of Digital Sgnal Processing D-T Signalsand Systems - John Carwardine
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Homework Problems

» Complete the following problems from Mitra:

— 2.12(a) and (d) [See p.53 of Mitrg]  [Pick one of the possible solutions]
- 2.13(a), (o), (e) [See p.53 of Mitrd]

- 218 [See sections 2.1.3, 2.2.2 of Mitra]

- 221 [See section 2.4.1 of Mitra]

— 226 (8 [See section 2.5.1 of Mitra]

— 52 [See Example 5.1 p.289 of Mitrg]

— 53 [See Example 5.1 p.289 of Mitrd]

o  Show all workings.
 Homework is due by 1:30pm Tuesday.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing D-T Signalsand Systems - John Carwardine
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Sampling and Reconstruction

John Carwardine
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Sampling and Reconstruction

 Key elements of sampling and reconstruction.
 Ambiguity of sampled datasignals (aliasing).
» Frequency-domain view of sampling.

e  Shannon’s sampling theorem.
 Anti-aliasfilters.

» Signal reconstruction.

* The zero-order hold.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
2

Contents Top Previous  Next



4/30/02 @

Key Elements of Sampling and Reconstruction

Sampling

continuous-time | i analog-digital
; analog samplin ;
signal 9 piing conversion

}/\_/Tt—» N—» hHTT””,n_’ DSP Operations

» A continuous-time signal is sampled at discrete time intervals and subsequently
converted to a sequence of digital values for processing.

Reconstruction

digital-analog continuous-time

. reconstruction ;
conversion signal

e e

* The sequence of digital valuesis converted into a series of impulses at discrete time
intervals before being reconstructed into a continuous-time signal.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
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Ambiguity of Sampled-Data Signals

* Which continuous-time signal does this discrete-time sequence represent?

* Knowing the sampling rate, is not enough to uniquely reconstruct a continuous-time
signal from a discrete-time sequence.

 Theuncertainty isaresult of aliasing.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
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Mathematical Explanation of Aliasing

e Consider the continuous-time sinusoid described by the expression
X(t) =sin(2pft +f )
o Sampling thisat intervals T resultsin the discrete-time sequence
X n]=sin(pfTn+f ) =sin(wgn+f )

» Since the sequence is unaffected by the addition of any integer multiple of 2p, we can
write X[ n] as
X n]=sin(2ofTn £ 2pm+f)
m
Tn

:sin[2pT8% +
&

O+ ]
1]

 Thismust hold for any integer m, so let’s pick integer values of m/n and replace theratio
by another integer k. We'll also replace 1/T by the sampling rate Fs, giving

X[ N] =sin[2pT(f £kFe)n+f ]

 Theimplication isthat when sampling at afrequency Fs, we cannot distinguish between
f, and afrequency ftkFs where k is an integer.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
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Freguency-Domain View of Sampling

» Consider the sampling process as a time-domain multiplication of the continuous-time
signal x(t) with a sampling function p(t), which is a periodic impulse function

i\/\ X,(t) —»—}—»— x,()

p(t)

Xs(t) =xc(t)> p(t)

¥
p(t)= & d(t- KkT)
k=-¥

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine

6
Contents Top Previous  Next



4/30/02 @

Frequency-Domain View of Sampling (cont)

 Thetime-domain and frequency-domain representation of the two signal is shown below

() XL

>t adli

p(t) P()

T -2Fs -Fs 0 Fs 2Fs
Ts (=1/Fs)

> f

» The frequency-domain representation of the sampled-data signal is the convolution of
the frequency domain representation of the two signals, resulting in

Ll i
i, andnn.

-2Fs 2Fs
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
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Shannon’s Sampling Theorum
X4()
ull

ATATINAYA
>t l -Fls B 0 B Fls I >
Fs-B F
» Provided the sampling rate is more than twice the signal bandwicdth, the image spectra

-2Fs 2Fs
do not overlap in frequency space.

s+B

* Thisleadsto Shannon's Sampling Theorem, which states

A band limited continuous-time signal, with highest frequency BHz can be
uniquely recovered fromits samples provided that the sampling rate F. is greater
than 2B samples per second.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
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e Signal isband-limited
 Fs>2B

e Signal isband-limited
» Fs<2B

o Signd isnot band-limited

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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Three Cases of Sampling

B Fs-B Fs

Image at -Fs

Continuous -time spectrum

J

Resulting (aliased) spectrum

ser IS0 L LT

Sampling and Reconstruction - John Carwardine
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Anti-AliasFilters

« Sincealiasing will occur in all real systems, anti-aliasfilters are used to reduce the
effect to acceptable levels.

 Anidea anti-aliasfilter would pass, unaffected, all frequencies below the folding
frequency, but attenuate to zero all frequencies above the folding frequency.

Filtered Spectrum

_ Ideal Filter

Original Spectrum

-Fs 0 Fs
-Fs/2 Fs/2

--------

» To compute the impulse response of thisidealized anti-aliasfilter, we can take the
inverse Fourier transform of its frequency response.

h(t) = &y H(F)el PMaf

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
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| mpulse Response of the Ideal Anti-Alias Filter

e Computing theinverse Fourier transform... » Using the substitution Fs=1/T, we get
h(t) = &y H(f)e PMar het) =L S >t/T)
. 2T pxyT
:oFS/Z ol 20ft 4
F/2 Thisis a doubly-infinite sinc function
e o /2 A —
_ 1 g jopttgh 1
j2pte BLEF/2
é .. F .~ F.u
1 gDt -2t
Z—Ae - e -
j2pt € u
g H 0
= —sin(pFgt)
pt 5T 4T -3T -2T -T 0 T 2T 3T 4T 5T

time

 Practical anti-alias filterswill be discussed |ater in the class.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
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Signal Reconstruction

T hHmm,H -

» Converting the discrete-time samples to a series of weighted impulses would result in a
replicated spectrum, with images appearing at multiples of the sampling frequency

Xs(f)

-2Fs -Fs 0 Fs 2Fs

» Once again, the process is to band-limit the continuous-time signal with afilter.

spectral images eliminated by

ideal lowpass e
the reconstruction filter

reconstruction filter

//'-'-----\\\\\‘ //'_'--“-\\\\\‘ /,r"-“- ‘\\\‘ /,r" --N\\\I
/ \ / \ s \ / \
(’ Y | iy ‘=
.J | { ‘

-2Fs |§| 2Fs

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
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Zero-Order Hold

« The most common reconstruction filter is the zero-order hold that is found on most D/A
converters. The output is held constant until the next output sample arrives.

original c-t signal

zero-order-hold
output

o=

3
-
- Sso
-
-
-~
=

~
S~o
e,

discrete-time impulses

e Theimpulseresponse of the ZOH is

h(t):}l OFEtET J

10 otherwise

0 T

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
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Frequency Response of the Zero Order Hold

» Thefrequency response is evaluated
by taking the Fourier transform of
the impul se response

H(f)= 8‘4¥ ht)e 1 2pft Frequency Response of Zero Order Hold

= 1 ée- zpﬁ gT 1
- szf e Eb - Ideal response
0

__ 1 m 2T
_j2pf§ © P

) jpT - ZOH response
:e g%jpﬁ_e' Jpﬂ-g
j 20f 7}
00 Fs/2 Fs 2Fs 3Fs
« This can be manipulated to give frequency
H(f)=Te j2pf T/26sin(pfT)u
€ T u
e P u

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling and Reconstruction - John Carwardine
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The Discrete Fourier Transform

Frank Lenkszus
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Contents

Outline

e TheDFT

« Example Calculation
 Magnitudes of DFT Lines
o DFT Frequency Axis
 DFT Properties

 DFT of Common Functions
e Discrete Time Fourier Transform (DTFT)
o Leakage

 Windows

« Signal Detection

e ZeroPadding

* Processing Gain

o FFT
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Discrete Fourier Transform

e DFT Origin - Fourier Transform
X (jw) = ), x()e ™

X(t) :%é X (jw)ei ™ dw

« The DFT isused to determine the frequency content of discrete signal sequences.
* Inpractice, signals are sampled at discrete times - adiscrete signal sequence
« Assumeasignal issampled at regularly spaced timeintervals T, N times
— We obtain the sequence of N numbers:
{X(NE} = X(0), X(T), X(2T)......X((N - IT) LTHHHHM,. ‘
— Where {} denotes the entire sequence as opposed to a single value x(nt)
* Ingenera the DFT produces a sequence of N complex values:
{ X[KW]} = X[O], X[W], X[2W],......X[(N - DW] ‘h IWI |
— Where W=2p/NT isradian frequency Te? Pot
— Thesampling rateis, f =%
— Therefore: = ZDf%I Isthe delta frequency between X[k] s - the frequency
resolution

.
-
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Discrete Fourier Transform

. X (KW) Represents the amplitude and phase of a sinusoid with a frequency of kW
radians/second

* The series of frequencies kW may be thought of analysis frequencies
— Now
— 20k _
= 20k = 20k, /N
— From thiswe can write;

Frayed K1 = Kf /N k=01...N-1

— Where f anaysid K] arethe N analysis frequencies of the DFT.
— k=0 corresponds to DC or the average value of the input sequence
— k=1, fanayss(1)=f/Nis the lowest (other than DC) analysis frequency
— k=N-1, fnayss(N-1)=fs(N-1)/N is the highest analysis frequency - just below f
« {X[K]}isin general aseries of complex numbers, thus the ki harmonic may be
represented as:

X[K] = RIK] + JI[K]
 where R[k] isthereal part and I[k] isthe imaginary part
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The DFT Equation

e TheDFT Equation:

— Complex form: Ny 1 _

X[k]=aq xnle *"N k=01...,N-1
n=0

— Rectangular form (from Euler’ s relationship)

N-1
X[k] =& ¥n][cos@pnk/N)- jsin(2pnk/N)], k=01,...N-1
n=0
* Notethat neither form of the DFT equation includes the sampling frequency or period
— Given the DFT, need to know the sampling frequency to compute analysis

frequencies. N1
: 1% .
« TheinverseDFT: xn]=—g X[k]e®*"N, 0£nEN-1
N «=o
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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DFT Magnitude and Phase

o X[K] ingeneral acomplex value:
X[K] = ‘X[k]‘ejq“‘]

— Magnitude
IX[K] = (R[K] +1°[K])?

ak =t #0508

— Phase
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DFT Example

e Consider the following signal:

/Jﬁ?

X(t) =1.0* sin(2p *1000t) + 0.75* cos(2p * 2000t) + 0.5* sin(2p * 3000t +0.5)

— The signal consists of a sine wave, a cosine wave and a phase-shifted sine wave at
1.0 kHz, 2.0 kHz and 3.0kHz respectively.
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DFT Example

 Let'spick asample frequency of 8kHz and collect 16 samples.

Samplad Signal
15 T T

05 l .I & | | ¥ |-
]

o 0o 04 08 08 i 12 14 18 18 2
Time in mseg

Df = fS/N =8000/16 = 0.5kHz AnalysisFrequencies= kDf ,k =01,2....,N- 1

« So our analysis frequencies are:
0.0,0.5,1.0,1.5,2.0,2.5,3.0,3.5,4.0,4.5,5.0,5.5,6.0,6.5,7.0

, (.5
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X[K]

n=

X[0] =

x[0][cos( 2p x0>0/16) -
X[1][cos( 2p ®x0/16) -

X[2][cos( 2p X x0/16) -
X[3][cos( 2p X3x0/16) -
X[4][cos( 2p x4 >0/16) -
X[5][cos( 2p >6*0/16) -
X[6][cos( 2p *x6>0/16) -
X[7][cos( 2p X7 x0/16) -
X[8][cos( 2p 8x0/16) -

X[9][cos( 2p 9 >0/16) -

x[10][cos( 2p X0 x0/16) -
x[11][cos( 2p X1>0/16) -
X[12][cos( 2p X2 x0/16) -
x[13][cos( 2p %3 *0/16) -
X[14][cos( 2p X4 x0/16) -
x[15][cos( 2p X5 *0/16) -

DFT Example
= & «{n][cos(Zpnk/N)- jsin(2pnk/N), k=01..N- 1

j Sin( 2p x0>0/16)] +
jsn( 2p ®>0/16)] +

jsn(2p X>x0/16)] +
j sin( 2p x3>0/16)] +
jsin(2p x4 x0/16)] +
j Sn(2p %6>0/16)] +
j sin( 2p *6>0/16)] +
jsin(2p X7>0/16)] +
j sin( 2p %8>0/16)] +
jsin( 2p X9>0/16)] +

jsin(2p X0 >0/16)] +
jsn(2p ¥1>x0/16)] +
jsn(2p X2 >0/16)] +
jsin( 2p X3>0/16)] +
jsn(2p ¥4 >0/16)] +
jsn(2p x5 x0/16)]
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X[ 0]

+ + 4+ + + + + + + + 4+ + + + + +

1
O r OO0 O0OkFrRr PP OOk, OO o

. 989713
. 847877
. 188791
. 186882
. 510287
. 847877
. 311209
. 186882
. 989713
. 847877
. 188791
. 186882
. 510287
- 0.
. 311209
. 186882
. 000000

847877

PEEPEEEPEPEPPEPPEPEEERERRERF

. 000000
. 000000

000000

. 000000
. 000000

000000
000000
000000

. 000000
. 000000

000000
000000

. 000000

000000
000000
000000

0. 000000j

All the imaginary terms are zero.

Thereal term is merely the sum of all the numbersin the sequence.
This correspondsto N times the average value of {x[n]}.

1
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DFT Example
X[ =
X[O][cos(2p *0>4/16) - jsin(2p >0%/16)] +
X[l [cos(2p X4/16) - jsin(Zp X4/16)] +
X[2][cos(2p X ®/16) - jsin(2p X*/16)] +
X[3|[cos(2p X3%/16) - jsin(2p XB3x4/16)] +
x[4][cos(2p >4°3/16)- jsin(2p >4>3/16)] +
x[5][cos(2p »6>4/16) - jsin(2p >54/16)] +
X[6][cos(2p %6 X/16) - jsin(2p x6X/16)] +
X[ 7][cos(2p x7°3/16)- jsin(2p x7>3/16)] +
X[8][cos(2p *8X1/16) - jsin(2p x8x/16)] +
X[9][cos(2p »9>4/16) - j€n(2p >9>4/16)] +
X[10][cos(2p ¥0X/16) - jsin(2p X104/16)] +
X[11][cos(2p R 1x:/16)- jsin(2p A1X/16)]+
X[12][cos(2p X2 X/16) - jsin(2p X24/16)] +
X[13][cos(2p A3:4/16)- jsin(2p X3:/16)] +
X[14][cos(2p 4 X/16) - jsin(2p X41/16)] +
X[15][cos(2p X5x4/16) - jSin(2p ®54/16)]
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X[ 1]
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DFT Example
X[2] =
X[0][cos(2p 0 %2/16) - jsin(2p >0x2/16)] +
X[1][cos(Zp ®X2/16)- jsin(2p XAx2/16)] +
X[2][cos(2p R *X2/16) - j€Sin(2p X *X2/16)] +
X[3][cos(2p X3X2/16) - j Sn(2p X3x2/16)] +
X[4][cos(2p X4X2/16) - jSin(2p *4X2/16)] +
X[5][cos(2p »5X2/16) - jsin(2p *6x2/16)] +
X[ 6][cos@p *62/16) - jSn(2p *6X2/16)] +
X[ 7][cos(2p 7 *2/16) - jSin(2p X7:@/16)] +
X[8][cos(2p 8*2/16) - | Sn(2p *8>x2/16)] +
X[9][cos(2p 0 *2/16) - jsin(2p X0 X/16)] +
x[10][cos(Zp 40%2/16) - jsin(2p X0*2/16)] +
X[11][cos(Zp X1X2/16) - jsin(2p A1x2/16)] +
X[12][cos(2p X2X2/16) - jsin(2p X2X2/16)] +
X[13][cos(Zp A3%2/16) - jsin(2p A3%/16)] +
X[14][cos(2p X4>2/16) - jSin(2p X4X2/16)] +
X[15][cos(2p X5>2/16) - jsSn(2p 45x2/16)]
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DFT Example

L Tl L Sy S S SESSpa S S ST S Sy S—— S S -

* Ok Sk sk % K K K Ok ok ok ok ¥ * * oF

At | east we have a nonzero result.

Renmenber that X[ 2] corresponds to k*Df =2*05 or 1.0 kHz.
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DFT Example
« Thefollowing table summarizes our results.

K freg(kHz) Real X[ K] | mag X k]

00 0. 000 - 0. 000000 0. 000000
01 0. 500 - 0. 000000 - 0. 000000
02 1. 000 - 0. 000000 - 8. 000000
03 1. 500 - 0. 000000 - 0. 000000
04 2. 000 6. 000000 - 0. 000000
05 2. 500 0. 000000 0. 000000
06 3. 000 1.917702 - 3. 510330
07 3. 500 0. 000000 - 0. 000000
08 4. 000 0. 000000 0. 000000
09 4. 500 0. 000000 0. 000000
10 5. 000 1.917702 3.510330
11 5. 500 0. 000000 - 0. 000000
12 6. 000 6. 000000 0. 000000
13 6. 500 - 0. 000000 0. 000000
14 7. 000 - 0. 000000 8. 000000
15 7. 500 - 0. 000000 0. 000000

The term (sin) is purely imaginary

Contents

The 2kHz term (cos) is purely real
The 3kHz term (phase shifted sin) is complex.
The nth and N-n terms are complex conjugates.
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DFT Example
DFT Real Part
I | ] | I I |
B - ]
& O i -
4L 4
2r o) O s
CK = =t = = = =
| | 1 | | | |
0 1 2 2 4 5 6 Fé 8
Frequency kHz
DFT Imaginary Part
9 T I T [ T | é
E - ]
3+ = -
a: Fam] Pt : - Ty P 3
3+ o -
G- _
=9 I"’T:l | 1 | | | |
0 1 2 3 4 5 6 7 8
Freguency kHz
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DFT Example
DFT Magnitude and Angle
Kk freq(kHz) Magni t ude Angl e (radi ans)
00 0. 000 0. 000000 0. 000000
01 0. 500 0. 000000 0. 000000
02 1. 000 8. 000000 -1.570796
03 1. 500 0. 000000 0. 000000
04 2. 000 6. 000000 - 0. 000000
05 2. 500 0. 000000 0. 000000
06 3. 000 4. 000000 -1. 070796
07 3. 500 0. 000000 0. 000000
08 4.000 0. 000000 0. 000000
09 4. 500 0. 000000 0. 000000
10 5. 000 4. 000000 1. 070796
11 5. 500 0. 000000 0. 000000
12 6. 000 6. 000000 0. 000000
13 6. 500 0. 000000 0. 000000
14 7. 000 8. 000000 1. 570796
15 7.500 0. 000000 0. 000000

Contents

Thingsto notice:

The magnitudes are 8 (N/2) times the peak value of the original sine/cosine waves.
For the nth and N-n terms, the magnitudes are equal and the phases are inverted.

Top
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DFT Example
DFT Magnitude
10 T T 1 T T I T
8- o} < .
o BF Q O -
T
Z a4 o o .
2 - ]
m i | Fa | o | Fii ai fa 1 o | ry 1 a
0 1 2 3 4 5 6 7 8
Frequency kHz
DFT Angle
2 T T | T T 1 T
o
1 '|= o i
5
E 0; =y ol - % Ty
T«
o o _
o
_2 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 a
Frequency kHz
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Magnitude of DFT Lines

» Magnitudes are proportional to N

— Fora input signal of amplitude A, with an integral number of cycles over N
input samples, the output magnitude, M, , for that signal is:
M, = AN/2

— Weget N/2 instead of N, because for each input component we get a pair of
complex conjugate DFT outputs, corresponding to the input frequency and it’s

Image.
— Similarly, for a input (i.e, Ae™ ) with anintegral number of cycles
over N samples, the output magnitude, M., the DFT magnitudeis:
M.=AN
— If the input has a DC component, D, then the magnitude of the line in the DFT is:
X[0] = DyN
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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DFT Frequency Axis

« The DFT output values have a frequency spacing (resolution) of fs / N
— Recall that the DFT output isjust a sequence of numbers.

» S0 how do we know what frequency a particular line in the DFT corresponds to? To
figure this out we need to know the original sample frequency f,. Then we can compute

the frequency of the kth line as: Kf
Frequency(X[K]) = <5/

» |If wedon't know the sampling frequency, then we can consider the DFT in terms of
normalized (to f, ) frequency

— Now recalling the DFT equation:

n=0 n=0

— wherewe set dlkl= %k . Then the range O£k £ N/2 corresponds to frequencieso£q £p
whereastherange N/2 £k £ N - 1¢0rrespondsto p £q < 2p- Thelatter rangeis
equivalentto - p £q <0. Therefore, the first N/2 values of frequencies correspond
to positive frequencies and the remaining values correspond to negative
frequencies. The point k= 0 always corresponds to zero frequency and k = N/2 (for
even N) correspondsto g =+p. When plotting { X[K]}, positive frequencies are to
the left and negative frequencies are to the right — just the opposite of normal
convention.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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DFT Properties

Jﬁ?

Pr t DFT DFT
e (e {xik}  {yn} @ {vik)

Periodic with period N x[n] X(k+ N) = X(k)
Symmetry [ n] Re[X (N - k)] = Re[X (K)]
(For Real Signal) IM[X (N - k)] =- Im[X (k)]
Linearity a*{x[n]}+b*{y[n]} a*{X[k]}+b*{Y[k]}
Circular Shift by L X (n- L)mod N] e 2PN X K]
Circular Frequency Shiftby L | e /"N x[n] X[(k - L)Ymod N]
(Moc_iulatio_n)
Multiplication x[n]y[n] %é X[MY[(k - m)mod N]
Circular Convolution mél {mily[(n- m)mod N] X[K]Y[K]
Conjugation X[ XT(N=Rymod N7
Parseval’s Theorem ot 1 N1 5

a x[n] —a |XIK]|

n=0 n=0

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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DFT of Common Functions
e DFT Table
Name Function DFT

Impulse . il, n=0 X[k]=1 ,0£EKEN-1

n =i

10 ,1ENEN-1

All Ones X(nN]=1 ,0EnEN-1 N1 3 k=0

" Xki=g e =i

o 10 1EKEN-1
Phase Shifted Cosine (General Case) xn] = cos(g,n+f,), OENEN-1 X[K] = %ilcos(qomf Y iz
n=0
where 0£q, £p . L i g
=05efe ————+05e 0o —————
L ei(qo-%) L e-j(qw%)
Phase Shifted Cosine (Special Case) xn] = cos(g,n+f,), "ENEN-L i05Ne'e  k=m
: . : ] - _

Fz%r/tr&?casewhereqo isan integer multiple of o - 2pm X[K] = .|'.O.5Ne ito ,k— N-m

°" N { 0 otherwise
Phase Shifted Sine (Special Case) {n] =dn(q,n+f,), = i o5Ne™ % k=m
For the case where(, is an integer multiple of [ T
/N Ao * P _2pm X[K] =1- 0.5Ne % k=N-m

qo - - .
N } 0 otherwise

Contents
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Discrete Time Fourier Transform (DTFT)

e The Discrete-Time Fourier Transform is the continuous Fourier Transform of adiscrete
time sequence.

¥ .
XWw)= g x[nje ™"
n=-¥
» TheFourier transform X(w) of a sequence, X[n] is a continuous function of w

o X(w) isaperiodic function with period 2p H Hx[n] X(w)
il ‘ .. \/\/‘W

» Recalling the equation for the DFT

N-1
X[kl =g xnje '#*™ 0EkEN- 1

n=0
 Wecan seethat X[k] and X(w) are related by:
X[K] = X W)|yogppn - OEKE N - 1 ‘

e ThatisX[K] isasampling of X(w) at the points w = 2pk/N
e The normalized discrete-time frequency w, corresponding to DFT bin number k is

w, =2pk/N

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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« TheDFT of afunction isasampling of the Fourier Transform of that function

 DFT samples of Fourier Transform areat W = 2pk/N

Discrete Time Fourier Transform (DTFT)

12':'0 T T T T T T T
L j' 'n, Circles are DFT (samples) |
X[n I'.
800 - | II
a a
| B
600 - lil - Trang % WI
ourier Transform |
400 - | | |
| |
l \ B
o AR Al R
! II. ! IIII Ilil I Ii IIIi -"-:-\I"- = 2 = -"!a"- II:. lII| | l =I : .’.I .II-'.
IIII'I |Ill i \‘l \'l Illf III" .";. .l'l" / \"' f -)\'. -'lll l.:' |II \ll ||I H:: 'Ir III| /
o i 1JI i v I i|.| L l'_n" i W g I'|||| J ¢ v | Ii'l llll
0 1 o 3 4 5 5 7
Frequency kHz

USPAS ‘99 - Fundamentals of Digital Sgnal Processing

Contents Top

Discrete Fourier Transform - Frank Lenkszus

25

Previous

M‘“"@

Next



5/1/02 ﬁ

DFT Leakage

* Ingeneral, except in carefully contrived cases, the DFT yields only an approximation of
the true spectrum of the input signal before sampling.

« The DFT provides an exact representation of afrequency component only if it’s exactly
equal to one of the analysis frequencies: kf_ /N

« TheDFT can not provide an exact representation of frequency componentsthat lie
between analysis frequencies

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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DFT Leakage ’”‘MW

2 kHz Sine Wave Sampied at 8 kHz i DET magnituda
# . : - f 10 : -
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Trin e Frequancy kHz
2 kHz sine wave sampled at 8 kHz
Integral number of cycles over sampling interval
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DFT Leakage

» Leakage occurs when an input signal has frequencies that are not exactly equal to
analysis frequencies.
« The DFT assumes that the input signal is periodic with a period equal to the sampling

interval.
— When the input does not repeat exactly with a period equal to the sampling interval
a discontinuity exists at the sample interval boundaries

» Thisdiscontinuity implies that frequencies components exist at all frequencies

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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DFT Leakage

Consider an infinitely long sinusoidal sequence of normalized frequency :

y{n] =cos(w,n+f)
Use Euler’s formula to express the above as:

= Loty 4 o itwonst)
N 2(e te )

We can get the Fourier Transform (DTFT) of y[n] by using the following relation:

DTFT g

e ® g 2pd(Ww mw, +2pk)
k=-¥

Using the above, the Fourier Transform (DTFT) of y[n] is:
¥
Y(w)=p & (" d W - w,+2pk)+e " d(w +w, + 2pk))

k=-¥
Y(w) isaperiodic function of w with a period of 2p containing two impulsesin each
period.

— Inthefrequency range -p £ w £ p, thereis an impulse at w=w, of complex
amplitude pe and an impulse at w=-w, with a complex ampitude pef

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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DFT Leakage

« Toanayzey[n] with the DFT, we use afinite length version:
Xn] =cosfw,n+f), 0OENEN-1

 Thisisegquivalent to multiplying the original infinite length sequence, y[n], by afinite
length rectangular window w[n]:
1L 0ENEN-1

w(n) = .
10,  otherwise
e Thatis
X n] =w{n]y[n]
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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DFT Leakage

e Multiplication in the time domain is equivalent to convolution in the frequency domain.
e TheDTFT of w[n] is:

W(W) _ gle_ v — 1- e JWN _ Sn(WN/Z) e jw(N-1)/2
k=0 1- '™  sin(w/2)
. Thefunction bw,N) =3"“N/2) i< -lled the Dirichlet kernel
sin(w/2)

» Properties of theDirichlet kernel:
— |t'smaximum valueis N at w=0

— The zeros nearest to the origin are at w = £ 2p/N. The region between these two
zerosis called the Main Lobe.

— Additional zeros occur at g=t2mp/N, m= * 2, = 3,---. There is amaximum or
minimum between every pair of zeros at approximately g= + (2nm+1)p/N. These
regions are called side |obes.

— The highest side |obe (absolute value) occurs at g= + 3p/N and it’s value (for large
N) is approximately 2N/3p/ . Theratio of this side lobe to the main lobe height is
about —13.5dB.
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DFT Leakage

Cirichlet Karnal N=16
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DFT Leakage

* Now we can perform the convolution to obtain the Fourier Transform of x[n]

X (W) :z%épY(m)W(w - m)dm

* Recalling that:

¥
Y(w) =p & (e"d (W - w, +2pk) +& "d (w +w, + 2pk))

k=-¥

»  Observing that Y(w) isapair of deltafunctionsin the range of -p to p, the convolution
integral reducesto:

X (W) :%e“W(w - W,) +%e‘ "W (w +w,)

» Thusthe Fourier Transform of the windowed sequence x[n] is a sum of the frequency
shifted and amplitude scaled Fourier Transforms W(w) of the window w[n] with the
amount of the frequency shifts given by +w,,
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DFT Leakage

1200 . | | T | | |

Fourier Transform of windowed discrete sne wave

10

|

!
— ——
|

600

400 /| \ K _

200 4 M\ | i H \

|
T e—
——
|

Frequency kHz

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus

37
Contents Top Previous Next



5/1/02 @
M

DFT Leakage

» Recall the relation between an N-point DFT of a sequence and it’s Fourier Transform
DTFT):
(bTFD) X[K] = X (W)|woopn - OEKEN -1
e The N-point DFT, X[n], of x[n] isthe N-point sample of the Fourier Transform of x[n],

X(w).
— Thesamplesaretakenat W = 2pk/N

Leskaga: sin(ZkHz] Leskage: sin(1 75kHz)
1200 . ; 1200
Sampled Fourier Transform Sampled Fourier Transform
1000/ # fi - 1000/
| | | I
] |
800+ ) L 1 800+ [ '
| l_
H00 | ! H00 '
| | |
|
' I
I I
400 400 |
| I
| | .
200 200 | |
[ ! p | | L] '
1] ! | ! | |
/ T oY [T | | / \ |
ot y .4_-. '. i & A If: A X A -' i & A, E | ol I.l B T | | ..' [, l.l 1N | | B |
i 2 3 4 ] L] T ] Q 1 2 3 4 5 L] T ]
Fraquancy kHz Fraquancy kHz
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Windows

e Therectangular window leads to distortionsin the DFT output
« Thedistortions are of two types.

due to the finite width of the main lobe. This causes aloss of resolution.
Any impulse like feature in Y(q) (such as that due to a sine or cosine wave) will
have awidth of approximately £2p/N in the spectrum of the rectangular-windowed
signal {x[n]}. Periodic components separated by less than 2p/N will overlap.

the side lobes of one signal component will interfere with the main
lobe of other components. This becomes a particular problem when there are weak
signalsin the presence of strong signals. This effect is worse when the weak
component’ s frequency is an odd multiple of p/N of the strong component.

» There are other windows that have smaller side lobe magnitudes which leads to a
reduction in leakage.

» The strategy embodied in these windows isto force beginning and end of input
sequence to go smoothly to the same amplitude value.
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Windows
Window Equation Coherent Peak Sidelobe | Equiv 6-dB Scallop
Type Wn)OENEN-1 Gain Sidelobe | Roll-Off | Noise BW Loss
Normalized | Amplitude | (dB/Oct) | BW (Bins) (dB)
by N (dB) (Bins)
Rectangular |1
1 -13 -6 1.00 1.21 3.92
Bartlett N - 1
(Triangular) 2n- —
1- 2 | 0.5 -27 12 133 178 182
N-1
Hanning 1 2o0n
e‘i cos-P1 2 0.5 -32 -18 1.23 1.65 2.10
2e N - 1g
Hamming Z2pn
0.54- 046cos N - 0.54 -43 6 1.36 181 1.78
Blackman 2pn Jpn
0.42- 0.5c0s- 5 +0.08c0s-0" = 0.42 58 18 173 235 110
Kaiser é .2 U
|0§oa\/ _a@n-N+19 a a =20 |049 -46 -6 150 199  |146
& e 2 o a=25|044 -57 -6 15 220 [120
I,[pa] a =30 |0.40 -69 -6 180 239 [102
a=35 (037 -8 -6 103 257 0.89
Dolph- Thewindowfunction istheINVERSE DFT of: .- 0.53 - 50 0 189 1.85 140
Chebysh a=2
yshev | o e(N ) arccosgb cos®? )EH b Cos(pn) £1 . oo |04 - 60 0 1p1 201 144
o 0.45 -70 0 1p2 217 1235
pn pn a =35
coshé(N -0 arccoshAb cos(—? | cos(—)| >1 0.42 - 80 0 1§73 231 110
5 € NHu Nl Ta=40
\/mherecosh[( N - 1) *arccosh(10? )]

Ref: Harris, F. J., “On the Use of Windows for Harmonic Analysis with the Discrete Fourier Transform”, Proceedings of the |[EEE, Vol.66, No.1, January 1978, pp 51-83
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Windows
" DFTs of Window Functions with WM=64
1o E_h_“‘x\ Rectangular Hanning Blackman
S Kaiser (2.0}
Kaiser (2.0}
R

]
Len]

Normalized Amplitude {to Rectangular Window)
=

cI
Lo
1T

- 1 1

10 : : '
0 0.02 0.04 0.06 0.08 0.1 012 0.14
Fraguency Mormalized to Fs
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Selecting a Window

 Gaods:
— Have as narrow amain lobe as possible
— Have side lobes that are as low as possible
* But reducing side lobe amplitude results in broader main lobe

— Therefore, selecting awindow is atrade-off between main lobe widening
(resolution), maximum side lobe amplitude and side |obe amplitude roll-off

— In selecting awindow, the following should be considered (for agiven size DFT):
» What'sthe closest spacing between two tones of interest.
* What'sthe relative amplitude of the two tones.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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Signal Detection

Signal Detection
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Sagral Dwlacion
Blnckman ‘Window [N=255)
Signa 110 5kN, Anphlede = 1.0
Signal 2 16.00sN, Ampltede = 0.0

Blackman
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Kassar Window: alpha=2.5 (N=25%5)
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Kaiser a=3.0
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Zero Padding

What is the effect to adding zeros to the end of a sequence (Zero Padding)?

Consider:

iX[n], 0DEnEN-1
{n] ={
i 0, NEnEM-1

Thenthe DFT is:

M-1 N-1
X[k] = & x{nje '®"™ = 3§ x{nle "™ where O£k £M - 1

n=0 n=0
Comparing to the Fourier Transform of adiscrete-time signal (DTFT)

X@ = & xrle ™

Weobserve: X[K] = X(q[k]) where 9q[K] :%k,OE KEM-1

DFT of the zero stuffed sequence is a sampling of the Continuous Fourier Transform of
the sequence at M equally spaced frequency pointsin the range [0, 2p] . Since M>N,
we've increased the resolution of our sampling of the Fourier Transform.
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Zero Padding
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Zero Padding

Sarnplad Signel (1,75 kHz) (Pacdad with 128 zeros)

 Sumpled Fourier Transterm (zerc pad of 128)
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Cautions on Zero Padding

 Magnitude of DFT result depends on the original sequence length, not the padded length
* Apply window function to original sequence — not zero stuffed sequence.

— |If the window function is applied to the zero stuffed sequence, part of the window
will be zeroed out and the resultant DFT will be distorted

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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DFT Processing Gain

» Processing Gain is usually defined as.

€o u
PG = S/ Nq = 8a“. V\,{n]H
S/N,  awinl

— Output Signal-to-Noise R;tio (SNR) to input Signal-to-Noise Ratio
— SNRisthe signal power level over the average noise power level
— w[n] isthe window function
» Asdefined above, the value of Processing Gain scales with window length N
— Processing Gain can also be defin?d as.
e winlg
G = So/No —€n u
NS /N, Ng wn]

 The DFT output SNR increases vr;/ith N
— DFT signal magnitude scales by N, while output noise scales by ON

SNR, = SNR, +10Log,,(N/M)

— SNRincreases by 3 dB each time N isdoubled

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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Averaging Multiple DFTs

* Becausein general, addition is faster than multiplication, (not true for some modern
floating point DSPs), several smaller DFTs can be averaged to increase signal detection

sensitivity in less time than computing alarge DFT

 Two cases:
— Incoherent: average corresponding bin magnitudes of multiple DFTs
* Reducesthe noise fluctuations in the DFT (output noise variance), but does
not reduce average noise power. Averaging magnitudes, so average noise

power can never go to zero ,

. : . : . S 1

 Thereduction in output noise variance for averaging k DFTs is; —*2F=— = o
S singleDFT

— Coherent integration: separately average corresponding real and imaginary
components of multiple DFTSs.

» Can aso reduce average noise power. BUT, SNR of averaged DFT will
decrease, if the signal of interest has random phase in successive DFTs

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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FFT

 Computational Complexity of the DFT
— The DFT takes N? complex multiplications and N(N-1)complex additions
« Sofor N=1024, it takes 10° multiplications and additions!
 Thereisconsiderable redundancy in the DFT equations

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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FFT Derivation Summary

* We can reduce the computational load by splitting the input sequence in to odd and even
indexed values and computing the DFTs of these two sequences.

» Theresulting DFTs can be combined to obtain the DFT of the original N point
sequence.

» Thisprocess can be repeated recursively; i.e, continue to split the sequences into odd
and even indexed sequences and compute the DFTSs.

e Thisprocessis repeated until we wind up with just 2 (hence the name radix-2 FFT)
values in our sequences.

— We'll wind up with sequences of two input values.

* We compute the DFT of each of these sequences and recombine them to
finally obtain the DFT of the original input.
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FFT
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point DFT
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FFT Hints

 For N-point FFT:
— Collectiontime= ;.
— Frequency Resolution = f%
o For radix-2 FFT input sequence must be integral power of 2, if itisn't:
— Truncate input series or zero-pad it
— If window function is used, zero-stuff after applying the window.
* Apply window before zero padding.

— Zero padding and then windowing, distorts the resultant window and increases
|leakage.

» Detecting aliasing
— Arethere significant spectral components at frequencies near f/27?
— Arethere spectral lines whose frequencies depend on the value of f.?
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FFT - Interpreting Results

» Because of the way we' ve defined the DFT, all the magnitudes areinherently multiplied
by N for complex inputs and N/2 for real inputs, so we divide our FFT magnitudes by N
for complex inputs and N/2 for real inputs.

 Anadditional correction isrequired if we windowed our input. Each magnitude value
should be divided by the window function processing loss factor.
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DFT Revisited
Real Part
e Let g =2pft wheref = 2kHz |
}' ﬁ | " 1 r- .ule-w.a,:_
o . . Imagi '
- 0.5je! =- 0.5] cosq +0.55ng Tt
Real Part
_ DFT
05je ' =0.5j cosg +0.54Nn( —>
Imaginary
Part
DET Real Part
- 0.5je +05je ¥ =dn
: : : » i
Upper half of DFT is redundant with lower half only for real input 'maFg;r:afy
signals! S T
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DFT Lecture
e Unused Slides
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DFT Example

X(3) =

+ 0.989713 * 1.000000 -j * 0.989713 * 0.000000
+ 0.847877 * 0.382683 -j * 0.847877 * 0.923880
+ -0.188791 * -0.707107 -j * -0.188791 * 0.707107
+ 1.186882 * -0.923880 -j * 1.186882 * -0.382683
+ 0.510287 * -0.000000 -j * 0.510287 * -1.000000
+ -0.847877 * 0.923880 -j * -0.847877 * -0.382683
+ -1.311209 * 0.707107 -j * -1.311209 * 0.707107
+ -1.186882 * -0.382683 -j * -1.186882 * 0.923880
+ 0.989713 * -1.000000 -j * 0.989713 * 0.000000
+ 0.847877 * -0.382683 -j * 0.847877 * -0.923880
+ -0.188791 * 0.707107 -j * -0.188791 * -0.707107
+ 1.186882 * 0.923880 -j * 1.186882 * 0.382683
+ 0.510287 * 0.000000 -j * 0.510287 * 1.000000
+ -0.847877 * -0.923880 -j * -0.847877 * 0.382683
+ -1.311209 * -0.707107 -j * -1.311209 * -0.707107
+ -1.186882 * 0.382683 -j * -1.186882 * -0.923880
= -0.000000 -0.000000j
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X(6) corresponds to 3kHz. Thislooks more interesting. It's a complex number.
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DFT Example

X(8) =

+ 0.989713 * 1.000000 -j * 0.989713 * 0.000000
+ 0.847877 * -1.000000 -j * 0.847877 * 0.000000
+ -0.188791 * 1.000000 -j * -0.188791 * -0.000000
+ 1.186882 * -1.000000 -j * 1.186882 * 0.000000
+ 0.510287 * 1.000000 -j * 0.510287 * -0.000000
+ -0.847877 * -1.000000 -j * -0.847877 * 0.000000
+ -1.311209 * 1.000000 -j * -1.311209 * -0.000000
+ -1.186882 * -1.000000 -j * -1.186882 * 0.000000
+ 0.989713 * 1.000000 -j * 0.989713 * -0.000000
+ 0.847877 * -1.000000 -j * 0.847877 * 0.000000
+ -0.188791 * 1.000000 -j * -0.188791 * -0.000000
+ 1.186882 * -1.000000 -j * 1.186882 * 0.000000
+ 0.510287 * 1.000000 -j * 0.510287 * -0.000000
+ -0.847877 * -1.000000 -j * -0.847877 * -0.000000
+ -1.311209 * 1.000000 -j * -1.311209 * -0.000000
+ -1.186882 * -1.000000 -j * -1.186882 * 0.000000
= 0.000000 0.000000;j
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DFT Example

X(9) =

+ 0.989713 * 1.000000 -j * 0.989713 * 0.000000
+ 0.847877 * -0.923880 -j * 0.847877 * -0.382683
+ -0.188791 * 0.707107 -j * -0.188791 * 0.707107
+ 1.186882 * -0.382683 -j * 1.186882 * -0.923880
+ 0.510287 * 0.000000 -j * 0.510287 * 1.000000
+ -0.847877 * 0.382683 -j * -0.847877 * -0.923880
+ -1.311209 * -0.707107 -j * -1.311209 * 0.707107
+ -1.186882 * 0.923880 -j * -1.186882 * -0.382683
+ 0.989713 * -1.000000 -j * 0.989713 * 0.000000
+ 0.847877 * 0.923880 -j * 0.847877 * 0.382683
+ -0.188791 * -0.707107 -j * -0.188791 * -0.707107
+ 1.186882 * 0.382683 -j * 1.186882 * 0.923880
+ 0.510287 * -0.000000 -j * 0.510287 * -1.000000
+ -0.847877 * -0.382683 -j * -0.847877 * 0.923880
+ -1.311209 * 0.707107 -j * -1.311209 * -0.707107
+ -1.186882 * -0.923880 -j * -1.186882 * 0.382683
= 0.000000 0.000000;j
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X (20) I10oks like the complex conjugate of X (6) .
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DFT Example

X(11) =

+ 0.989713 * 1.000000 -j * 0.989713 * 0.000000
+ 0.847877 * -0.382683 -j * 0.847877 * -0.923880
+ -0.188791 * -0.707107 -j * -0.188791 * 0.707107
+ 1.186882 * 0.923880 -j * 1.186882 * 0.382683
+ 0.510287 * -0.000000 -j * 0.510287 * -1.000000
+ -0.847877 * -0.923880 -j * -0.847877 * 0.382683
+ -1.311209 * 0.707107 -j * -1.311209 * 0.707107
+ -1.186882 * 0.382683 -j * -1.186882 * -0.923880
+ 0.989713 * -1.000000 -j * 0.989713 * 0.000000
+ 0.847877 * 0.382683 -j * 0.847877 * 0.923880
+ -0.188791 * 0.707107 -j * -0.188791 * -0.707107
+ 1.186882 * -0.923880 -j * 1.186882 * -0.382683
+ 0.510287 * 0.000000 -j * 0.510287 * 1.000000
+ -0.847877 * 0.923880 -j * -0.847877 * -0.382683
+ -1.311209 * -0.707107 -j * -1.311209 * -0.707107
+ -1.186882 * -0.382683 -j * -1.186882 * 0.923880
= 0.000000 -0.000000;j

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus

68

Contents Top Previous Next



5/1/02

Contents

N+ 4+ 4+ +++++++++++ + +
o

. 989713
. 847877
. 188791
. 186882
. 510287
. 847877
. 311209
. 186882
. 989713
. 847877
. 188791
. 186882
. 510287
. 847877
. 311209
. 186882
. 000000

* ok ok k% ok ok ok K Kk % ok ok X ¥ F

0.

. 000000
. 000000
. 000000
. 000000
. 000000
. 000000
. 000000
. 000000
. 000000
. 000000
. 000000
. 000000
. 000000
. 000000
. 000000

000000

000000j

X(12) |ooks the same as X(4) .

USPAS ‘99 - Fundamentals of Digital Sgnal Processing

Top

* ok % % % Kk ok ok ok K K K F F F F

1
POOPFRPOOORPFRPROOPFRPROOO

1
|_\

DFT Example

. 989713
. 847877
. 188791
. 186882
. 510287
. 847877
. 311209
. 186882
. 989713
. 847877
. 188791
. 186882
. 510287
. 847877
. 311209
. 186882

* ok ok Kk Sk ok ok ¥ K % ok ok ¥ ¥ ¥

1 1

. 000000
. 000000

000000

. 000000
. 000000
. 000000

000000
000000

. 000000
. 000000

000000

. 000000
. 000000
. 000000
. 000000
. 000000

Discrete Fourier Transform - Frank Lenkszus

69

Previous

Next



5/1/02

Contents

H++ ++++++++++++ + +

USPAS ‘99 - Fundamentals of Digital Sgnal Processing

Top

. 989713
. 847877
. 188791
. 186882
. 510287
. 847877
. 311209
. 186882
. 989713
. 847877
. 188791
. 186882
. 510287
. 847877
. 311209
. 186882
. 000000

T T R R T T T R

0

. 000000
. 382683
. 707107
. 923880
. 000000
. 923880
. 707107
. 382683
. 000000
. 382683
. 707107
. 923880
. 000000
. 923880
. 707107

382683

0. 000000j

* ok ok ok ok ok ok k% % ok % % ¥ ¥ %

1
OROOORROOROOO

- 0.
. 311209
. 186882

DFT Example

. 989713
. 847877
. 188791
. 186882
. 510287
. 847877
. 311209
. 186882
. 989713
. 847877

188791
186882
510287
847877

* ok ok ok ok ok ok k% % ok % % ¥ ¥ %

1 1 1 1 1 1 1 1

. 000000
. 923880
. 707107
. 382683
. 000000
. 382683
. 707107
. 923880
. 000000
. 923880

707107

. 382683
. 000000
. 382683
. 707107
. 923880

Discrete Fourier Transform - Frank Lenkszus

70
Previous

Next



5/1/02

Contents

N+ +++++++++++++ + +
o

X (14) looks like the complex conjugate of X(2) .
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DFT Example

X(15) =

+ 0.989713 * 1.000000 -j * 0.989713 * 0.000000
+ 0.847877 * 0.923880 -j * 0.847877 * -0.382683
+ -0.188791 * 0.707107 -j * -0.188791 * -0.707107
+ 1.186882 * 0.382683 -j * 1.186882 * -0.923880
+ 0.510287 * -0.000000 -j * 0.510287 * -1.000000
+ -0.847877 * -0.382683 -j * -0.847877 * -0.923880
+ -1.311209 * -0.707107 -j * -1.311209 * -0.707107
+ -1.186882 * -0.923880 -j * -1.186882 * -0.382683
+ 0.989713 * -1.000000 -j * 0.989713 * 0.000000
+ 0.847877 * -0.923880 -j * 0.847877 * 0.382683
+ -0.188791 * -0.707107 -j * -0.188791 * 0.707107
+ 1.186882 * -0.382683 -j * 1.186882 * 0.923880
+ 0.510287 * 0.000000 -j * 0.510287 * 1.000000
+ -0.847877 * 0.382683 -j * -0.847877 * 0.923880
+ -1.311209 * 0.707107 -j * -1.311209 * 0.707107
+ -1.186882 * 0.923880 -j * -1.186882 * 0.382683
= -0.000000 0.000000;j

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus

72

Contents Top Previous Next



5/1/02 @
A

Matrix Form of DFT

Let W, =€ 1%V then

X[0] Wy Wy W L W? | X0l
X[1] A W W2 L W't | ]
X[2] |=] W W W L WZNDI X 2]
M M M M L M M
XIN-1 | we Wt w2y WY N - ]
or
Xn = Dy Xy

« TheMatrix D, isan matrix, called the DFT Matrix of dimension N

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus

73

Contents Top Previous Next



5/1/02 @
A

Matrix Form of DFT

— Propertiesof Dn :
— .Theelements of thefirst row and first column are equal to one.

— .It'ssymetric.
— .If Dnisthe complex conjugate of Dn then:
DD, = NI

* wherel,isthe NxN identity matrix

« AnNxN matrix Q satisfying QQ¢=1 iscalled aunitary matrix. If Qis
real, it is called an orthonormal matrlx Therefore the matrix N- J/ZD IS
unitary. Since it’ssymetric, it isasymmetric unitary matrix. N ]/ZD IS
called the normalized DFT matrix.

— Weadso havg
Xy =N 'Dy X,

« Thatis, theinverse DFT can be described by the conjugate of Dn multiplied by N1,
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DFT Leakage

L sakage: sin(2kHz)
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DFT Leakage

Leakage: sin(1.75kHz)
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Windows

» Had our window function, W(q), been an impulse function d(q), we would have obtained
X(@) =Y(q). But theinverse transform of d(q), isw[n]=1 for al n. This does not have a
finite duration.

e Sincethisis not the case we get distortions.

 Thedistortions are of two types.

— .Smearing due to the finite width of the main lobe. This causesa loss of resolution.
Any impulse like feature in Y(q) (such as that due to a sine or cosine wave) will
have a width of approximately £2p/N in the spectrum of the rectangular-windowed
signal {x[n]}. Periodic components separated by less than 2p/N will overlap.

— The side lobes of one signal component will interfere with the main lobe of other
components. This becomes a particular problem when there are weak signalsin the

presence of strong signals. This effect is worse when the weak component’s
frequency is an odd multiple of p/N of the strong component.
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Windows

 Gaods:
— Have as narrow amain lobe as possible
— Have side lobes that are as low as possible
— But reducing side lobe amplitude results in broader main lobe - tradeoff

e Strategy
— Force beginning and end of input sequence to go smoothly to the same amplitude
value
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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Windows

e  Overlapping Windows

— Consider the case where the DFT is used to process along-time sequence by
partitioning the long sequence into equal length smaller sequences of length N.

— If nonoverlapping partitions are selected, window edge effects can obscure short
duration signals that occur near the beginning or the end of a partiton.

— Dataislost.

— Toavoid thisloss of data, the DFT is applied to overlapping partitions. An overlap
of 50 to 75 percent istypical.
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Signal Detection

Signal Detection
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Scalloping L oss

Scalloping - aka “picket fence” effect
Scalloping describes the fluctuations in overall magnitude response of a DFT.

— This occurs because input frequencies that are not exactly at DFT analysis
frequencies can not be exactly represented by the DFT.

Scalloping loss is maximum at the point midway between two adjacent analysis
frequencies.

It is defined as the maximum reduction in processing gain or equivalently astheratio of
coherent gain for atone located half abin from a DFT sample point to the coherent gain
for atone located at a DFT sample point

N-1
o .

nT e(‘ P r/N)
_Wiw,/2n) AW

N-1
W) a w(nT)
n=0
Scalloping loss is not usually a severe problem in practice. Mog real -world signals
normally have bandwidths that span several DFT output points so the DFT magnitude

ripples can go almost unnoticed.
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Scalloping L oss

Scallop Loss

F ey
T

Frequency kHz
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Zero Padding

Sampled DTFT (16-pcint DFT)
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Zero Padding

Sampled Signal (1 75 kHz)
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Zero Padding

DFT magnitude with zero pad of 16
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Zero Padding

Sampled Signal {1.75 kHz)
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Zero Padding

DFT magnitude with zero pad of 32
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Zero Padding

Sampled Signal {1.75 kHz)
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Zero Padding

DFT magnitude with zero pad of 128
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FFT Derivation (Preliminaries)

» First let’srepeat the equation for the DFT:

n=0
e Define
W, =g 12/N
N
e Sonow we have:
N-1

X(k) =g x(NW," k=01....,N-1

n=0
e It can be shown (wewon’t do it here) that:

W2 =W,

N T YUN/2
W'\(lk+N/2) — 'W,\Il(

N/2

"1 i0,(kmodN)t O
2w = Nd[kmod N =} & ¢ )
n=0 i N,(kmodN) =0
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FFT Derivation

* Now lets split into two sequences, one composed of all the even-numbered values and
the other composed of the odd numbered values. We now can write:

(N/2)-1 (NéZ)-l
X(K)= g x@mW ™ + g x(2n+)w*  k=012,K ,N-1
n=0 n=0
(N/2)-1 (N/2)-1
X(K)= a x@nWZ™ +W' g x(2n+D)W;™ k=012K ,N-1
n=0 n=0

. 2nk _ nk .
« Since: Wy =W, we canwrite:

(N/2)-1 (NéZ)—l
X(k) = @ x(2nWg, +Wi a x(2n+D)W; , k=012K ,N-1
n=0 n=0

« Thesummations in the above equation are the N/2 point DFTs of the odd indexed input
values and the even indexed input values. We can now express X(k) as the combination
of two N/2 point DFTSs:
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FFT Derivation

X (K) = X,(K) = X, (K) *WE X, (K), k =01,2,....,N - 1

 The W,G}(z factors occur in the expressions for both X,;(k) and X;,(k) and need be
computed just once. We can also show that

X (k+N/2) = Xy (K) - Wy Xz (K)

» Sowe can get the term X(k+N/2) from X(k) by just changing the sign of W|\i|< , SOwe
can avoid additional multiplications.
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8-Point DFT using 4-point DFTs
X(0 4-point
(0)—p DET » X(0)
0
8
» X(1)

X(2)—p
o \\ / / o

53_ x(2n)W,"™
0
8

X(6) —m|

VYL » X(4)

X(1) —m 4-point
. / M\
X(3)—» e > X(5)

X(5) —»|
> X(7)

LT
YW

x(2n+1)W,™

o Qow

X(7) —p|
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Full Decimation in Time FFT Implementation of 8-
point DFT
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FFT

2-Point DFT Butterfly

x(k)
N
X(k+N/2) \ AIN/2
VVN
x(k)
1
X(k+N/2)
-1
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FFT
Cyclic Reduancies in Twiddle Factors
8-Point FFT
W, A:W43
W, W/
W84 :W42 - »VVSO :W40
-1 -1
w? W,
-1
y
Wy =w;
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FFT - Bit Reversal

Normal Binary Bits | Reversed Bit-reversed
order of of index n bits of index | order of n
index n n

0 000 000 0

1 001 100 4

2 010 010 2

3 011 110 6

4 100 001 1

<) 101 101 <)

6 110 011 3

7 111 111 4
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FFT - Interpreting Results

» For radix-2 FFT outputs are complex and of the form:
X (n) = xreal (n) + inmag(n)

* Sothe magnitudeis:
X g (M) =X ()] = 4/ X ()% + X ()?

» Because of the way we' ve defined the DFT, all the magnitudes areinherently multiplied
by N for complex inputs and N/2 for real inputs, so we divide our FFT magnitudes by N
for complex inputs and N/2 for real inputs.

 Anadditional correction isrequired if we windowed our input. Each magnitude value
should be divided by the window function processing loss factor.
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FFT - Interpreting Results

e Phase
28K eq (N) O

X = -1 ;
) (5

« Butwatch out for X¢,(n)=0! Avoid divide by 0. Set X,(n) to p/2 if X;,4(n) is positive
or set X,(n) to -p/2 if Xjug(N) is negative.
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DFT Example

Gomposite Signal
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DFT Example

e Recall therectangular form of the DFT equation:

n=0
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DFT Leakage

2 kHz Sine Wave Sampled at & kHz
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DFT Leakage
; DFT magnitude
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DFT Leakage

1.75 kHz Sine Wave Sampled at 8 kHz
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DFT Leakage
1 DFT magnitude
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DFT Example

 Let'spick asample frequency of 8kHz and collect 16 samples.

St ep Ti me( ns) Si n( 1kHz) Cos( 2kHz) Si n( 3kHz) Sum (x[ n])
00 0. 000 0. 000000 0. 750000 0.239713 0. 989713
01 0.125 0. 707107 0. 000000 0. 140770 0.847877
02 0. 250 1. 000000 - 0. 750000 -0. 438791 -0. 188791
03 0. 375 0.707107 - 0. 000000 0.479775 1.186882
04 0. 500 0. 000000 0. 750000 -0. 239713 0.510287
05 0.625 -0.707107 0. 000000 -0. 140770 -0. 847877
06 0. 750 -1. 000000 - 0. 750000 0.438791 -1.311209
07 0. 875 -0.707107 - 0. 000000 -0. 479775 -1.186882
08 1. 000 - 0. 000000 0. 750000 0.239713 0.989713
09 1.125 0.707107 0. 000000 0. 140770 0.847877
10 1.250 1. 000000 - 0. 750000 -0. 438791 -0. 188791
11 1.375 0. 707107 - 0. 000000 0.479775 1.186882
12 1.500 0. 000000 0. 750000 -0. 239713 0.510287
13 1.625 -0.707107 - 0. 000000 -0. 140770 -0.847877
14 1.750 -1. 000000 - 0. 750000 0.438791 -1.311209
15 1.875 -0.707107 - 0. 000000 -0. 479775 -1.186882
Df = f,/N =8000/16 = 0.5kHz AnalysisFrequencies =kDf ,k =01,2...., N- 1

« So our analysis frequencies are:
0.0,0.5,1.0,1.5,2.0,2.5,3.0,3.5,4.0,4.5,5.0,5.5,6.0,6.5,7.0
, 7.5
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DFT Example

Sampled Signal
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DFT Example

 Thingsto notice:
— The magnitudes are 8 (N/2) times the peak value of the original sine/cosine waves.
— For the nth and N-n terms, the magnitudes are equal and the phases are inverted.
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DFT Example

« TheX[0] term
— All theimaginary terms are zero.
— Thereal termis merely the sum of all the numbersin the sequence.
» Thiscorrespondsto N times the average value of {x[n]}.
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DFT Example

 Thingsto notice:
— The 1kHz term (sin) is purely imaginary
— The 2kHz term (cos) is purely red
— The 3kHz term (phase shifted sin) is complex.
— The nth and N-n terms are complex conjugates.
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DFT Properties

o Periodicity

The DFT is periodic with period N; i.e., X[ k+N]=X[K].

e  Symmetry

Magnitude and Phase symmetry/anti-symmetry for
DFT Magnitude — Even Symmetry
Re(X[N - k]) = Re(X[K])
DFT Phase— Odd Symmetry
Im(X[N - k])=- Im(X[K])
L ower and upper halves are complex conjugates (Conjugate Symmetric)

For Real inputs only N/2 of DFT’ s outputs are independent;i.e. the DFT outputs
from N=0 to n= (% 1) are redundant with DFT outputs (bins) for n3 %

* Linearity

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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DFT Properties

o  Shifting Theorem
— Time shift <> Phase shift
— If wetimeshift {x[n]} to{X[n-L]} the DFT of the time shifted seriesis:
Fyl{xn- LI} ={X[K]e 12/ |
— Thatis, the DFT of the time-shifted series can be obtained from the DFT of the
original series by multiplying each term of the DFT of the original seriesby g 12PkL/ N

o Circular Shift
DFT
— Given {Xn]}® {X[Kk]}
— Then e
{x([n- mmodN)} ® {& 1" x[K]}
*  Frequency Shift (Modulation)

DFT

_ Given {X{n} ® {X[K]}

— Then
_ DFT
{ermm @ {X[(k- m)mod N]}
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete Fourier Transform - Frank Lenkszus
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DFT Properties

e Parseva’s Theorem
o1 _ 1 %! —
a x{nlyin N a X[K]Y[K]
n=0 n=0
l\(l)—l
a
n=0

— The above expresses the energy in the finite duration sequence in terms of the
frequency components . The right hand side is the mean square spectral amplitude.

o 4 171 2
=—3 | X[k
x[n] Ngo‘ K]

« Conjugation

DFT

_ Given {XnT} ® {X[K]}

— Then
DFT

{xtnl} ® {X[(N - kymod N}
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The z-Transform

 The z-transform is the discrete time counterpart of the Laplace transform
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Deriving The z-Transform

* The z-transform can be derived from the Laplace transform
 Represent the discrete time sequence, f[k], in the continuous time domain.
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The Delta Function

o (1)

% }55 (t) ot =1

0 ¢ ¢
+0
a(t) =1ima, (t) S(t) et =1
£
-0
[o(t) it =1
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The Ddta Function

o(t)
14
0 t
o(t—KT)
]
0 kT t
USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl

4
Contents Top Previous Next



6/16/99

Contents

Expressing a Discrete Time Function in Continuous Time

() = 2 £ (KT) CB(t — KT)

F.(s)= Lﬁ f (KT) B(t - kT)E
- i f (KT) IL[3(t -~ KT)]

- Z) £ (KT) E}a(t KT [ [ot
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Expressing a Discrete Time Function in Continuous Time

F.(s) = z £ (KT) E}J(t KT [ [ot

g(t) Ot —KT) =g(KT)Ld(t —KT)
}J(t —kT) & ™ [t — }J(t —KT) &7 [ait

F.(s) = z £ (KT) E}J(t _KT) [ [
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Expressing a Discrete Time Function in Continuous Time

F.(s) = Z» £ (KT) Ej'é(t KT & [t

2 F(KT) & E}é'(t — KT) [t
- g f(KT) &% 1

. ; F(KT) @
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Expressing a Discrete Time Function in Continuous Time

2uwmﬁT

=Zuwmﬂ

ZHMm:zHHﬁW

ZMM:ZHHQ*
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Z Plane M apping

7= = @otiol —gTaiat  |Z4=€”  Oz=dal
Ims
7 j3mr

0 Res
. Jn’
T =T /) S
s=dl | =g =C0S—+ jSin— =1]j
2 2
jIr U .
S=— 5 z=e" =cosm+|jsnm=-1
= 137 157y 3T 3T

> z=e :cos?+jsin———1j
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z-Transform of a Finite Sequence

H(2) = 2h(n) pa

h[n] ={1,2,3,2,1} then

H(2)=1+23 +3F*+2@°+ 7"
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Transform of b"
e h[n]=b
H(2) = 2b” Z™

H(2) = 2(b 7)) =) +bz ) + o) + ...

i 1
" =1+r+r°+r’+......=——
& 1-r
e |rl<1
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Transform of b"

H(2) = nZ(b&-l)” - l—blﬁ‘l _ sz

z[or] :zfzb
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Transform of ean
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Transform of sin [ncJI']

jenT e—jcmT
sin[nal'] = 2] — 2]

_ EéjanTD Eé—janTD 1 I _ _
Zlsin(neT) | = Z =— Z—r=—[z|e!" |- z|e T
anoe)=2 5 2y 172y e e

Z[e"”]: z
z—¢e"

Z
Z_eja)T

Z
Z_e—ij
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Transform of sin [ncJI']

J

Lp Lt 0 zifz-e)-2{z-e)

Z[sin(na)T)] = > T B T %_ 2j(22 _ z(ej“’T +e—ij)+1)

(eij _e—ij)D -

Z[si n(na)T)] = 2] 2 _ z(ej‘”T + e‘jWT)+1

. —_— e~ Z
Z[SI n(an)] =S n(wT) DZZ _ ZZCOS(CUT) +1

zsin(wT)

2lsin(na)] = z° —2zcos(awl) +1

z-Transform - Rob Merl
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Transform of the unit step sequence

M n=01223,....
anf = ED n<o0

gln] =b"

b=1

Z[q(n)] = Zi_l

USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Transform of the delta sequence

USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Transform of the convolution sum

y(n) =ih(n—i)m(i)

Y(2) = Z i h(n—i) m(i)aj'“
Y(2) = Z i h(n—i) m(i)aj'“

Y(2) = Z 2 h(n-i) @) E" ™"

USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Transform of the convolution sum

Y(2) = 2 Z h(n-i) (i) " ™ = i Zh(n_i) Wiy 2

Y(2) = Z @h(n—i) [z () E];(i) Fa
Y(2) = Z i h()z™® E]‘(i) b i
Y(2) = Z i h()z™® E]‘(i) b i

USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Transform of the convolution sum

H(2) = Z h(l)

Y(2) = i H (2) (i) &~ = H(2) Di u(i) @

U(2) = Zu(i)&‘i

Y(2)=H(9W(2)

H(z):%

USPAS ‘99 - Fundamentals of Digital Signal Processing

Top
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Step Response

h(n) = 2.807 [&(n) + 6.0630.597" [2 [¢0s(0.576n —1.72)

4 . |
°
[ ]
2— —
°
h(n) i
) °
o 0 go00® 00000 00 o
Y |
0 10 20

n

2(¢08(0.576n —1.72) = 0570172 gr(0s7en-172);

h(n) = 2.807 [B(n) + 6.063[D.597"€*5°"172)1 1 6 063 [M.597" e (0576n172);

h(n) = 2.807 [B(n) +6.063¢™-7 [{0.597e"7 | +6.063¢" ™! [{0.597¢ " |

USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Step Response

h(n) = 2.807[B(n) +6.063¢™71 [{0.5976°"" )" +6.063¢"™ [{0.597¢ 057! |

. ¢, =6.063¢"7%, ¢, = 6.063&72, b, = 2.807, p = 0.596785%9 and p = 0.5967&5759,

h(n) = B, [&(n) +C, [p +C, [p;

Z[6(n)]=1
Z
ZIb"|=——
[ ] z-b
Zlh(m] = H(2) = B, + 22+ 222
Z—p Z=p
USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Step Response

Zlh(m]=H(2) = B, + 22+ 222
Z=p Z-p,

H(z) = By [GZ_ pl)EGZ_ p2)+Z|:CZ EGZ_ p1)+Z[Cl [GZ_ pz)

(z- p)dz- p,)

2
z°+2z+1
H(2)=—
z°-z+0.3561
USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Step Response

Y(2) =H(2[Q(2)

dmmbﬂxazgéi

7°+27+1 - 2
7°-7+0.3561 z-1

Y(2)=

y(n) = 27'[Y(2)]

USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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| nverse Z-transform

7’ +2z+1 o 2
z°-z+0.3561 z-1
Z°+2z+1 Z
= : —
(z-(0.5+0.326])){z- (0.5-0.326])) z-1

7> +27+1 - 2

“-p)lz-p) 21

Y(2) =

e p,=0.5+0.325) = 0.5967%™° and p = 0.5-0.326j = 0.5967185759

USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Partial Fraction Expansion

2
Y(z) _1_ z°+2z+1 - 2 K, N K, N K,

2 2 (z-p)lz-p,) -1 z-p z-p, 2-1

1 Z2+27+1 Z
— —Uz-p)
ZEtZ_ pl)[qz_ pz) z-1 1

— k1mz_ pl) + kz EQZ— pl) + k3 UJZ— pl)
Z— P, Z— D, z-1

z-Transform - Rob Merl
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Partial Fraction Expansion

Z+2z+1 _  k0z-p) kOz-p)
(Z_ pz)[qz_l) l Z= P, z-1

P +2p, +1 “k
(pl_ pZ)EGpl_l)

-5.114+3.242j =6.051e*°"" =k,
-5.114-3.242j =6.051e > =Kk,

11.2=k,

USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Partial Fraction Expansion

vg= b, k2 kD
z-p, z-p, z-1

—1|:|Z D n

z[b”]_— - 2 gD

LO0zk O LOzk, O

Z Z =K, Z =k, "
_pl kil:pl TD Epz %Zfl% 3

USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Partial Fraction Expansion

ZY(2)] = y(n) = k, [P +k, (pp +k, 0"

y(n) =6.0516571 [{0.5976°7 |' +6.0516*571 ({0.5976*7® | +11.2

15

10

y(n)

USPAS ‘99 - Fundamentals of Digital Signal Processing
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Difference Equations

y(n) =x(n)+2x(n-1) +x(n—-2) + y(n—-1) —0.3561y(n - 2)

4 o |
> _
Yo b °
¢ or ......ooooooooﬁ
5 |
0 0.02 0.04
nT
USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Time Shift

X (2) = Z[x(n)] = Z x(N) @™ = x(0) + x(1) T+ x(2) T2 +Xx(3) T3 +.....

Z[x(n-1)]= 2 X(n-DF" = X(=1) + X(0) ™ + x(1) (2 + X(2) T +...

= X(-1) + 27X (2)

Z[x(n-2)]= 2 x(n-2)E" = X(=2) + X(=1) ™ + X(0) 22 + X(1) T ...

= X(-2) +X(-) &+ z27°X(2)

USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Contents

Difference Equations

Y(2) = X(2) +2x(-1) + 2 X ()| + |x(=2) + x(~D) z* + 22X (2)]

+|y(-1) + 2 (2)|-0.3561y(-2) + y(-D) z* + 22Y (2)|
Y(2) = X(2) +2z7X(2) + 22X (2) + 7Y (2) - 0.35612 %Y (2)
Y(2)-zY(2) +0.3561272Y(2) = X(2) + 22X (2) + 22X (2)
Y(2)L-21+0.356122|= X (9|1 + 227 + 22|
B 1+2z7+ 772
V=X %1— 7 +0.35612 "7 E

Y(2) . 1+27'+77
X(2) 1-z'+0.3561z°

H(2) =

USPAS ‘99 - Fundamentals of Digital Signal Processing
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Frequency Response

2
z°+2z+1
H(2)=—
z°-z+0.3561
15 | |
101 —
‘ H<ei -2-n-f-T> ‘
R s |
I
0
0 100 200 300
f
USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Stability

2°+2z+1 _ Z°+2z+1
z° —z+0.3561 (Z_ pl)l:qz_ p2)

e p,=0.596785%% and p = 0.5967&57%9

H(2) =

h(n) =B, L&(n) +C, [, +C, [y

« ¢, =6.0636-73, c, = 6.063&72, b, = 2.807
90

— 2
poles_magnitude L I >< I 0
1801 1 D 1 1 0
oX 1 7
270
poles_angle
USPAS ‘99 - Fundamentals of Digital Signal Processing z-Transform - Rob Merl
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Digital Filters|
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Digital Filters|

» |deal frequency-selectivefilters.
o Designof simple FIR and | IR digital filters.
* Linear-phase characteristics of filters.
 FIRfilter design

— by impulse response truncation.

— by windowing.

— using optimal techniques.

...Digital Filters|I
— IR filter design
— gspecidl filters

Relevant sectionsin Mitra: 4.3, 7.1, 7.7, 7.9

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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|deal Frequency-Selective Digital Filters

* Thefrequency response of an ideal frequency-selective lowpass filter has a passband
with constant magnitude, an infinitely sharp transition between passband and stopband,
and infinite attenuation in the stopband. The phase delay is zero for all frequencies.

A(f)
1 passband

stopband |

| \
05Fs FsFe Fs

0 Fc

 Aswe have discussed before, the impulse response of thisideal filter is a doubly-infinite
sn(x)/x function that cannot be implemented in practice

27te ik T h Mlr.  otte_ .
e llll 0 lu.l [yoKS
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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| deal Frequenc:;;-SeIective Digital Filters (cont)

L owpass Bandpass
1 passpand 1
A | A
|
stopband | L
0 Fc = 05 1-lc l' > f 0 F1 P2 05 1-F2 1R f
.‘I. 2fc n=0 i 2(fr- f1) n=0
h[n] =of, Sn(2p xfen) Ly h[r] :}Zfzsin(zp xfp xn) 2flsin(2p X)) g
t 2p xfcn } 2p xfoxn 2p xfpn
Highpass Bandstop
. o
A(h) A
0 Ed 0.:5 = i > i 0 =1 F2 0_:5 1-F2 1-F1 1' >
I 1_—2fc n=0 i 1- 2(fo- f1) n=0
hinj =1_ 55 SN xfcn) ), g [N =] 5p, SN(2 xT10) ¢ SN(2P xT20) g
t 2p xfe n } 2p xf1n 2p xfo N

Note that frequencies are normalized to the sampling rate, and the phase is zero for all frequencies.
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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Frequency Response of Practical Filters

/’mﬁ?

 When arealizable impulse response is generated, the frequency response of the resulting
filter iscompromised from the ideal response

— The passband may not be flat

— Thereisafinite width to the transition from passband to stopband
— The stopband will not have infinite attenuation
— The phase response will not be zero for all frequencies.

Pass band Trekl)r;snl(tjlon Stop band
1+0IO [ = f\* _ N —
1-dp ~— | 4 Ideal response
I
I
I
I
s | | \pedipeanigs
0 Wp Ws

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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Simple Lowpass FIR Digital Filter

« Thesimplest FIR filter isa2-point moving average, with transfer function

Y(2)

Hlp(z)_s(“(“)' 5(1 )

The difference equation is
y[n] =0.5>(x[n] + x{n- 1)

Its frequency response is given by

1 i w
Ip(eJW _(1_|_ejw)_E jW/Z(ejW/Z jW/Z) e jWIZCOS__

Magnitude Response Phase Response

0.5 \
sponse

Phase Response (deg)

0 pl4 p/2 3p/4 p 0 pl4 p/2 3p/4 p
Normalized Frequency Normalized Frequency

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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4-Point FIR Averager

A 4-point moving average, has the transfer function

Y(z) 1

Hip(2) :3(“(.2.)— =

The difference equation is

A+z 1 +z72+73)

y[n]=0.25:(x[n] + X[n- 1] +X[n- 2] +X[n- 3])

Its frequency response is given by

AN

. o A WU
H, (e™)=e 12 cosw + cos
P g 2H
Magnitude Response Phase Response
\ T

-135

o~

-180

Magnitufle Response Phase Rgsponse (deg)

™
.

e

<

- 270!

o] p/4 p/2 3p/4 P

Normalized Frequency

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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Normalized Frequency

3p/4

p
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Simple Lowpass | IR Digital Filter

o A first-order lowpass IIR digital filter has the transfer function

Y(2) _1-a 1+7*

al<1
X(2) 2 1-axz? a

Hlp(z) =

The difference equation is
ving = &2 &4qn +xin- 1) +a y{n- 1
%]

* Thisisthe discrete-time equivalent of an electronic R-C circuit

Magnitude Response Phase Response

'\ ——— a=05
N ——=  a=07
Y a=0.9

——= a=05
——= a=07
a=09

0.5 3
\ \_\‘
~
" S "
May

gnitug fle Respdpse \.\ Phase Rpspons: et "'-\h

. I~

-, ipls
. -,
~. =
- S
~ I En e e
\\\:" e, \""‘:":—Ba_

. 90
. \“““'“M‘“«::bg
0 p/4 I\zgilgrequency 3p/4 P 0 p/4 Normal\z(gilgrequency 3p/4 P
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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Simple Highpass Filters
»  The corresponding highpass filters can be obtained from the relaionship

Hhp(2)=1- Hip(2)

S0, the smple FIR highpass filter has the transfer function

Hhp(2) =1- —(+ 2 h=-@- 2

 AndthesimplelIR highpassfilter has the transfer function

. 1-a 1+7°1 _1+a 1- 71
th(Z)—l' 2 _1— 2 1
1-axz 1-axz
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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Phase Distortion and Linear Phase Response

* Nonlinear-phasefilters (eg asimple IIR lowpass filter) introduce distortion because
difference frequency components depart from the filter at different times.

Simple lIR Filter (a=0.75) 8-Point FIR Averager
(Non-linear Phase) (Linear Phase)

I nput I nput

Whether it is better to have phase distortion or atime-delay will depend on the
application (eg in feedback/control, the time-delay can significantly reduce bandwidth).

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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| mpulse Response Optionsfor Linear Phase Digital Filters

It can be shown that true linear phase is only achieved with a symmetrical (or anti-

symmetrical) impulse response. Only FIR filters can achieve this.

The figure shows four possibilities for a causal FIR filter, with either 2M coefficients or
2M+1 coefficients, with (anti-) symmetry about the M’th coefficient.

Impulse Phase delay Initial phase
Response (samples) (radians)
iy Symmetric M M 0
% —-rT] | ]Tr-—‘n
<
£ | Anti-symmetric | 1l1ee M p/2
b 1”
s | Symmetric ’ M+0.5 0
N — rT] IT P —
: M
g
@ | Anti-symmetric | HIIT el M+05 p/2

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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FIR Filter Structure

e Block diagram...

x[n] -1 -1 -1 -1

y[n]

« Difference equation... e z-transform...
Mo— 1
yinl= & bex{n- K] Y[Z =g +bz L+boz L+K +by 1271
k:O M - l
= & bz KX[7]
k=0
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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Design Optionsfor Linear Phase FIR Filters

» Truncation of ideal impulse responses.

* Impulse Response Truncation with windowing.

* Frequency Sampling.

o Least Squaresfitting to desired response.

o Optimal (equiripple) design using Parks-McClellan algorithm.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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FIR Filter Design by Impulse Response Truncation

* Inthe IRT method of designing an FIR filter, we take the impulse response of the
idealized impulse response, truncate it to (say) 2M+ 1 samples, and shift it by M samples
to make the impul se response causal.

Non-causal doubly-infinite ideal impulse response

o] {.

> n

_at%e p1te T[ h T tte —L

071

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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FIR Filter Design Example Using I mpulse Response Truncation

Design a bandpass filter with band edges at 0.3p and 0.56p and an impul se response of
length 31.

Solution

« Thefrequency response must be specified from O to 2p, in order to do the inverse
Fourier transform.

e  The magnitude of H(F) will be unity from 0.3p to 0.56p and from 1.44p to 1.7p and
zero elsewhere, as shown below

1

IH()]

% —> f
0 0.3p 056p P 1.44p 17p 2P

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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USPAS ‘99 - Fundamentals of Digital Sgnal Processing

Contents
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FIR Filter Design Example by IRT (cont)

1
First, we'll compute the ideal impulse response IR
h[n] = (é H(f)e!"df 0 03p 056pp Ladp L7p 5 > f
e L}
:_i'ejo'%n _ @ino3n 4 oil7n _ ej1.44n]
jn'
:_i.ejo'SGn _ @l03n 03 | o j0.56n]
nl
_ (1)56Sin(0.56n) ) O.BM
0.56n 0.3n

Digital Filters| - John Carwardine
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0.2

0.1

o

-0.1

-0.2

Jﬁ?

Truncate the sequence to 31 points by defining that the sequence be zero outside the
range-15 £ n £ 15.

The sequence is then made causal by shifting the truncated impulse response to the right
by 15 points.

The final impulse response and the corresponding frequency response are shown below

FIR Filter Design Example by IRT (cont)

31-point Impulse Response Frequency Response of 31-point Filter

v

0.8t

Actual Response

Desired response

i TI M7 [T f

061

Magnitude

08e LL°%% " 55°LF ®be "
041

o
o
©
ol

%6 0.2p QAp o 06p
. . ormalize requenc
sin(0.56n)  ,sin(0.:3n) aHeney

h[n] =0.56 3
0.56n 0.3n

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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Frequency Response vs Length of Truncated | mpulse Response

* More points gives a better approximation to the desired (ideal) frequency response

11 points 31 points

N | A
08 T

08 [
3
]
506 [ £ 06
g g
b £

04 |- 04 |

02 | 02 [

0 L L I o 0 ¥ I o pra—
0 02p 08p

04p . 06p 08p P P 04p 06p
Normalized Frequency Normalized Frequency

101 points 201 points

06
H
o |
W{J l(\‘l\/‘ o _dl
1
02p 04 06 08p p 0

p 6p p 04p 06p
Normalized Frequency Normalized Frequency

...but there is no change in the amplitude of the passband or stopband ripple.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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The truncation processisin effect multiplication of the ideal impulse response by a
rectangular window (c.f. windowing in the DFT).

Gibbs Effect and the Impulse Response Truncation Method

h[n] = higea[N]>WN]

In the frequency domain, this means the actual frequency responseis the convolution of
the ideal response and the frequency response of the window function

H[w] =Hjdeal[w]* W[w]

I_lideal(f)

N L H(f)

L

W(f)

M«AW/*'

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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FIR Filter Design by Windowing

 The same window functions discussed in relation to the DFT can be used in place of the
rectangular window (truncation).

* Windows used for FIR filter design include Hann, Hamming, and Blackman.
* Properties of filters designed with these windows are shown below

1+d
1-d

0.5 A

Window Main-lobe Transition d Passband Stopband
width (Dy,) | width (Dw) Ripple (dB) | Ripple (dB)
Rectangular | 4p/(2M+1) | 0.92p/M | 0.09 0.75 -21
Hanning 8p/(2M+1) | 3.11p/M [0.0063| 0.055 -44
Hamming 8p/(2M+1) | 3.32p/M [0.0022| 0.019 -53
Blackman 12p/(2M+1) | 5.56p/M |0.0002| 0.0017 -74
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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Effect of Windowing on Bandpass Filter Example

* Magnitude responses of bandpass filters with length 101 for different window functions
(band edges at 0.15Fs and 0.28Fs)

Rectangular Window Hamming Window
or ' ' I ' —y ' ' ' 1 or ' ' e — '
AOWWMM(
Megrincio b
-70H
-80H
-90H
_1000 0.‘05 0?1 0.15 0‘.2 0.‘25 0‘.3 0.‘35 0?4 O.I45 0.5 - .I I 0.15 OI.2 O.I25 OI.3 O.I35 O.I4 0.115 0.5
Normalized Frequency Normalized Frequency
Hanning Window Blackman Window
°r o — ' ' ' 1 °r ' ' 7 — '

-10f - -10}
-20F - -20}
-30f 1 -30f
-40| B -40F
-50 < -50}
-60 < -60}
Magnitude|(dB) Magnitude |(dB)
-70F < -70}
-80 - -80}
-90 - -90}
1oohAAY L . . (A . 10okannfl] . JAn,
(o] 0.05 0.1 0. 0.4 0.4 (o] 0.05 0.4

1 1 1 1 1 1
15 0.2 0.25 0.3 0.35 0.1 0.15 0.2 0.25 0.3 0.35

1
0.45 0.5

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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Design Example Using the Window M ethod

Design a lowpass filter with passband from DC to 0.15Fs, at least 50dB attenuation above
0.2Fs, and passband ripple of less than 0.1dB.

* Any of the windows (except rectangular) will meet the passband ripple spec, but only the
Hamming or Blackman will meet the stopband spec. Let’s pick the Hamming window.

« Thetransition band is 0.05Fs wide (ie Dw = 0.1p), so

3';2'0 3 0.1p giving M 3 33.2

« We'll pick afilter length of 69, giving M = 34.
» Next compute the ideal filter coefficients and the window coefficients, where

i 21, n=0 )
| . N
h[n]:,'2f s(Slri2]O><|:C>ﬂ] 10 vv[n]=0.54+0.460038[:"2|O Q@ _ME£nEMm
i Ele” n e2M +1g
t PN
In this example fc = O:I'5—2+02 =0.175
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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Design Example Using the Window M ethod (cont)
|deal Impulse Response Window Function Windowed Impulse Response
0.35 T T T T T T 1 T T ,’ N“"ﬁ*k’ T T 0.35 T T T T T T
me%cﬂ.,&;r%v?’?iﬁ?q& spﬁi’%‘ﬂo&ﬁ%&%ﬁu m OWW%&&JT?L{& Lprﬁ{ﬁ%wﬁw
- 1
Magnitude Response Passband Transition Region
2 . 8 8 .
8 o S S,
S 1 \\ 8; 0.05 8; -10
; — % =
T § A i Y
g -50 % % -50 /\
S T g o £ ~7
s . T aann g g . VY
0 ' ' r ' HY V ' = oty 0.05 0.1 015 = %0
Normalizéd Freqqency (izgampnng raté) Normalized Frequency (1=sampling rate) Normalized Frequency (1=sampling rate)
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Optimal Design Methodsfor FIR Filters

» Design methods discussed so far generate filters that are sub-optimal because
— the resulting passband and stopband ripple amplitudes are the same.

— the passband and stopband ripple amplitudes are not constant, but decay as we
move away from the discontinuities.

» Thelength of the filter to meet a given spec can be reduced if

— we alow different passband and stopband ripple amplitudes.

— we make the ripple magnitude constant in the passband and stopband.
The most commonly used algorithm is the Parks-McClellan algorithm.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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Parks-McClellan Algorithm

e Theobjective isto minimize the maximumerror across the filter bands.
» Theagorithm makes use of the Remez Exchange optimization.
e Thealgorithm isimplemented in Matlab with the functions remezord and remez.

Design Approach

»  Separate normalized frequency-space into regions that define the desired response.
There should be a“‘don’t care’ region between each ‘do care’ region.

»  Specify aweighting factor for each region.
« UseMatlab to estimate the filter order, and then to compute the impul se response.

EX.

P Region 2 o |

g2 107 b b :

2 Po i {O ! i

Y- | O | O i

S S b o b o |

= | g | gl i

T o 1 O 1 O '

L = {C | Region3 |

8 Region1 | § | £ —

0 0.2 0.4 0.6 0.8 1.0

Frequency (Normalized to Nyquist)
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Optimal Filter Design Example

Design a lowpass filter with passband from DC to 0.15Fs, at least 50dB attenuation above
0.2Fs, and passband ripple of less than 0.1dB.

« Divide up frequency space into two regions:

Region 1 (passband) Region 2 (stopband)

* Frequency range = 0- 0.15Fs * Frequency range = 0.2Fs - 0.5Fs
o Desired amplitude=1 o Desired amplitude=0

« Maxripple=0.1dB (0.011)  Max ripple=-50dB (0.0032)

» Estimate the filter order and weighting factors using the Matlab function remezord.
— Thisgavethe required order as 44 and weighting factors 1 & 3.66
» Generate the impulse response using the Matlab function remez.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
26

Contents Top Previous  Next



6/15/99

Jﬁ?

Magnitude Response Passband Transition Region

Frequency Response of Optimal FIR Design Example

@ 20 — 0. — 20
‘8‘-;’ 10 % % 10
c 12 \ \8-;/ ot \8-;/ 712
Sﬁg 0 \\ %_ OJ\ /\ /\ /\ %_-20 \\
g - g V/ERVIRV, i :
E E S . AVAVAN
g . ! T o = 1
p= ! o8 Q. 1
-90 E E -90
Normalizéd Frquency (izgampjing raté) Normalized 'Frequency ('1:sampling rete) Normalized Frequency (1:mpling raté)
Comparisons with windowed IRT method for the same filter spec:
« Theoptimal filter required 45 coefficients, whereas the windowed IRT filter
required 69 coefficients.
 The optimal filter just meets both passband and stopband specs, whereas the
windowed IRT filter far exceeded the passband ripple spec.
 The optimal filter has constant magnitude ripple in both bands, whereas the
windowed IRT filter had decreasing ripple with increasing frequency in the
stopband.
 Theoptimal filter required a computer to calculate, whereas the windowed IRT
filter could be designed analytically on paper.
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters| - John Carwardine
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Homework Problems

1) Using the impulse response truncation (IRT) method, design the coefficients of a 7-point FIR high-
pass filter that has cutoff frequency at 1kHz with a sampling rate of 8kHz.

Write down the filter’ s z-transfer function and difference equation. Draw a block diagram
representation of thisfilter.

[Hint: use the formula on page 4 of the ‘Filters |’ lecture, or on page 448 of Mitra]

2) Show that the frequency response of a 6-point FIR averager can be represented by the expression:

H(eY) = 12 (?COSS—W rcos ¥ 4 cosWU
3 8 2 2
3) Do Mitraproblem 4.16 part (a).

Hints:

a) Write down the transfer function of the filter as

Hlz]=a+bzl+cz2+bz3+az?

b) Substitute z = € to obtain an expression for the frequency response.

c) Collect terms into cosines using Euler, as done in problem 2.

d) Evauate the frequency response magnitude at the specified frequencies, and solve for a,b,c.
(Don’'t be surprised if some of the coefficients come out to zero.)

[You could check you have the right form using the Matlab command freqz()]
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Digital Filters||

Properties of common analog filter types.

Butterworth filters.
Spectral transformations.
Digital design from analog prototypes
— Iimpulse invariance method.
— bilinear transform.
Comparison of IR and FIR filters.
Digital notch filters.
Comb filters.
Elements of optimal |east-squaresfilters.
Elements of adaptive filters.

Relevant sections from Mitra: 5.3, 7.2-7.5
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Magnitude Response of Common Analog Filter Types
 Thefollowing are all 4th-order analog lowpass filters with cutoff at 1Hz
Butterworth Bessel
1 ] 1 =~y
\ \\
0.75 \ 0.75
N
0.5 0.5
Magnitude \ Magnitude
0.25 \ 0.25 \\
0 ] 0 [
10" 10° 10" 10" 10° 10"
Freauencv (Hz) Freauencv (Hz)
Chebychev | (Rs=20dB) Chebychev Il (Rp=1dB) Elliptical (Rp=1,Rs=-20)
1 \ 1 _’_’_/-"'FI '\\\1/!}; 1 _’d—’—// Nj
0.75 0.75 \ 0.75
05 05 05
Magnitude Magnitude \ Magnitude
025 025 025
0 AT 0 \ i iﬂ snii
107 10° 10" 107 10° 10" 10" 10° 10"

Freauencv (Hz) Freauencv (Hz)
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Basic Properties of Common Analog Filter Types

Passband Stopband K ey benefits
-20N Maximally flat in
Butterworth Flattest dB/decade | passhand
Chebyshev Equirinole -20N Faster initial roll-off
Typel quITipp dB/decade |than Butterworth
Chebyshev Flat Equiriople Faster roll-off than
Typelll quiripp Butterworth
Elliptic Equiripple Equiripple E{;ar:(rjowest transition
: -20N Linear-phasein
Bessel Monotonic dB/decade | passband

USPAS ‘99 - Fundamentals of Digital Sgnal Processing

Top

Digital Filtersl1l - John Carwardine
4

Previous

Next



4/30/02 @
”MW }

Specifying Analog Filterswith [H_(jw)|?

e Consider the following Laplace transfer function

1
H.(s) =
(9 a>e’ +hxe+c

* The magnitude response is computed by setting s = jw and computing the magnitude of

the resulting expression ‘
1

lax(jW)Z +bx( jW) +c

Ha (JW)

* However, the magnitude response can also be computed from the following product

| Ha(jW) |2: Ha(jW) ><Ha(' JW)

_ 1 y 1
Ca(jW2+b(jW)+c a(- W) +b(- jW)+c
_ 1

~a®W + (b2 + 2a0WP + 2

* The magnitude-squared of any Laplace transfer function can be computed from this
product which always resultsin arational polynomial of powers of w?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Transfer Functions of Lowpass Analog Filters

 Commonly, the transfer functions of analog lowpass filters are of the form

1
1+ Py (s)°

‘H a(s)‘z -

*  Where Py(s) isapolynomial of order N in sthe form of which depends on the chosen
filter type.

 Examplesfor P(s) are:
— Butterworth filters have Py(s) = s\
— Chebyshev and Elliptical filters use Chebyshev polynomials of order N.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Butterworth Filters (cont)

«  The magnitude-squared response of an N order Butterworth filter is given by

1

H.(jW)* =

e The poles of the Butterworth magnitude-squared response al lie on acircle of unit
radius in Laplace-space.

0.5f

0

Imagingry part
-0.5f

- F

1 1
-0.5 0 0.5
Real part

K

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
.

Contents Top Previous  Next



4/30/02 @
”MW }

Butterworth Filters

« Butterworth filters are maximally-flat.

 Thereisnoripplein either the passband or stopband.

«  The magnitude-response of an N™-order filter rolls off at 20N dB/decade.

«  The stopband phase delay of an Nth-order filter is-90N degrees.

» A Butterworth filter can be completely described by its-3dB cutoff frequency e, and
itsorder N.

Linear Magnitude, Linear Frequency Magnitude in dB, Log Frequency

0 SN

s ) N
N AN W\

0.6 \\ -20 \ Y
N, ™
i N
Mag?r'lﬁLde N=2 % \ = \\
Ma gzi(t)ude dB) h N
Yy

/ N

2
N

0.2 Nea S N—s\
. -
0 -50
0 0.5 1 15 2 25 3 10'1 100 101
Freauencv Frequency
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Transfer Functions of Normalized Butterworth Lowpass Filters

Filter Coefficientsfor each power of s

Order S’ s S st S S? St S0
1 1 1
2 1 1.4142 1
3 1 2 2 1
4 1 2.6131 | 3.4142 | 2.6131 1
5 1 3.2361 | 5.2361 | 52361 | 3.2361 1
6 1 3.8637 | 7.4641 | 9.1416 | 7.4641 | 3.8637 1
7 1 4.4940 |10.0978 | 14.5918 | 14.5918 | 10.0978 | 4.4940 1
8 5.1258 | 13.1371 | 21.8462 | 25.6884 | 21.8462 | 13.1371 | 5.1258 1

o All thesefilters are normalized (ie their -3dB cutoff frequency is 1rad/s).

» For example, the 4th order Butterworth lowpass filter is described by the transfer
function

1
s* +2.6131s° +3.4142 % +2.6131s +1

H(s) =

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Butterworth Lowpass Filter Design Example

 Determinethe lowest order of a Butterworth filter that has a -3dB cutoff at 1kHz,
and minimum attenuation of 40dB at 5kHz.

Solution
 WEe'll usethefollowing expression for a Butterworth filter to compute the order.
1 Y
=Ha(JW)
1+ (W W) 2" Ha (W)
Substituting known values, 1
=0.01°

1+ (2p »5000/2000p )N

1 log,(10% - 1)

" 21log,(2p »5000/2000p)
N=2.86® 3

The normalized 3rd-order Butterworth filter is given by
1 — y A 1 \ /L \
S +252 +2s5+1 (s+1)s+e/® 3 fs+e 1P /3

H(s) =

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Spectral Transformation of IR Filters

» Transformations exist to convert alowpass filter prototype into highpass, bandpass, and
bandstop filters.

* The transforms replace s with another expression that includes the frequencies of
relevance to the desired filter form

 Wetherefore only need design normalized lowpass filters, and then to transform them to
the appropriate form.

S : V\‘p
Lowpassto lowpass S® — Lowpassto highpass S® -
p ~
N - AU Vs
2
ST+ W, AN S(W, - W
L owpass to bandpass 1 =2 Lowpass to bandstop S® 2( 2= W)
S(W, - W) s + W, AW,
\ —> ‘ / \ \ —> \ /
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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e
Butterworth Bandpass Filter Design Example

Design a bandpass analog filter with -3dB cutoffs at 100 rad/s and 200 rad/s, fromthe
following normalized lowpass filter prototype transfer function

1
H(9)=—
s<+4/2s+1
« Thetransformation we need is ,
<® s+ W, W,
S(Wz - Wl)

2 2 4
which for our case means @ > +100x200 _ s* +2x0

s(200 - 100) 100s

So the new transfer function is given by

1
H,.(S) =
o) &2 +20% 0 a2 +2x0% 0
T +4/2 T+1
100s p 100s p

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Butterworth Bandpass Filter Design Example (cont)

« Thefinal result isthe 4th-order transfer function
10*s?
+141.4<% +5x0%<? +2.828 X10° s + 4 410°

H,,(S) =
bp() S4

e The magnitude response of this function is shown below

) A
|
i L
/1A

.// \"1

10" 10
Frequency (Hz)
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Structure of the General |IR Filter

e Block diagram... « Difference equation...
M-1 N-1
y[n]= a ax[n- k] + a by[n- K]
yin] k=0 k=1

e z-transform...

HIZ = Y[z] _ay+azt+a,z?+K +ay,. zM*
X[ 1-bz'-bz?-K-by,z """
M-
a &z X[Z]
— k=0
- N-1 3
1- a bz "Y[Z]
k=1
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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IR Digital Filter Design Methods

 Generate digital filter from analog prototype
— generate lowpass normalized analog prototype filter.
— convert lowpass prototype to other form if necessary (eg highpass, bandpass).
— convert analog filter to digital domain
e impulseinvariance.
 bilinear transform.
 Generatedigital filter directly in digital domain
— least squares design in frequency domain.
— least squares fitting of desired discrete-time impulse response.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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|IR Digital Filter Design by Impulse Invariance Method

« Theideaistodesign adigital filter whose impulse response isidentical to the sampled
version of the impulse response of the analog filter prototype.

« Given the Laplace transfer function of an analog prototype filter H,(s), then the impulse

response is given by 1
h,(t) =L {H,(s)}

 Theimpulse response of the digital filter is h,(t) sampled at periodic intervals T
gin]=h,(nT)  n=0123..
* And the z-transform of the digital filter is given by
G(2) =Z{ g[n]} = Z{h,(nT)}

PPo
> o

(]

‘7[ [Hﬁﬁh-wwM,Mbm

ha(t) = U {Ha(s)} g[n] = h, (nT)

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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»  Mapping of the s-plane poles and zeros to the z-plane is achieved by the transformation

2:eST

ST — oS +IWT _ 5T JWT

eS

For s=s+jW, we get Z=¢€

|

—|o

Re z

—|o

—|&

—_——t—_-——f-—f—-—— = —

s-plane z-plane

» The entire strip on the s-plane between -p/2 and +p/2 is mapped into the unit circle of
the z-plane.

» Because of the periodicity of the mapping, the strip on the s-plane between p/2 and 3p/2
(and all other similar strips) are also mapped into the unit circle of the z-plane.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Using the Impulse-Invariance M apping

 Consider asimple 1-pole (stable) analog filter described by the Laplace transform

A
s+a
« The continuous-time impulse response is given by

H(s) =

h(t) = Ae™?"
» The discrete-time impulse response is obtained by sampling the h(t) at time intervals T
g[n] =h(nT) = Ae"®™ = A(e'”)P

» The closed-form expression for the z-transform of g[n] istherefore

A
G(2) =
( ) 1+ e'aﬂ_z-l
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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| mpulse Invariance M apping of 1st and 2nd Order Poles

e S0, to generate the z-transform from the Laplace transform,

.h A
wit

we replace

 Therearetwo forms of the second-order transfer functions, and without proof, are
mapped as follows

| e’ PTsnl T
Hy(s) = ® G[7] =
(s+b)%+|2 z%- 2z "Tcos| T+ 2°7
s+b z2- 22T cosl T
Ha(s) = > 2 ® GlZ=— b7 2bT
(s+b)” +lI z°-2ze " cosl T +e
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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| mpulse-Invariance Numerical Example

» Consider thefollowing 2-pole filter that is to be converted to the discrete-domain at a
sample rate of 20Hz.

1 _ J2a/42)

H(s) = =
(8 S +4/25+1 (s++/2/2)% +1/2

Wewill usethefirst form of the 2nd-order mapping,

| e PTsnl T
H,(s) = ® Gy[7] =
B (s+b)2+12 Sl e T s Tre 2T
So that T | =1/+2
G[7] =2 x ze " 9nlT where  p =1/43
22 - 226 PTcos| T +€ 27T -
T=1/20
06824 7*
GiVing G”[Z]: > 0068 z
2°-1.9293z+0.931/
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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| mpulse-Invariance Numerical Example (cont)

o Comparisons of the original continuous-time and the discrete-time filters are shown
below.

Bode Diagrams
I mpulse Responses ; N

0.6 : : . . T

9 9 Discrete-time filter -20

Continuous-time filter \\

-40

-60

/]
71

-80

0 —7—]

-100 \\
Phase (deq)

[
/

o 2 4 6 8 10 -300
Time (sec) N
-400
-1 0 1 2
10 10 10 10

Frequency (rad/sec)
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Aliasing with the Impulse-Invariance Transfor mation

« Since the mapping is not unique, thereis aliasing of the original analog frequency

response above half the sampling frequency.

« Thefigures show the magnitude response of the same 2-pole Butterworth filter over a
frequency range up to twice the sampling frequency

0
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Aliasing of Analog Filter Response with Impulse-Invariance Transformation

If the sampling rate istoo low, then the aliased components have a significant impact on
the resulting discrete-time filter. Consider, for example, what happensif the 1Hz 1-pole
filter issampled at only 5Hz...

Magnitude Response (dB)

-10r

_15_"

Fs

Aliased response of
/ the digital filter

Y AR

e pi

AN RN

e Aliased compor?xé/
™ -
. /\{

-

-~
4

=20
Response of analog
o5 . . f|||ter prototyple
0 2 4 6 8

Frequency (Hz)
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IR Filter Design using the Bilinear Transformation

» Unlike the impulse-invariance transformation, the bilinear transformation maps the
entire left-half of the s-plane into the unit circle.

» Becausethereisaone-to-one correspondence between points on the s-plane and points
on the z-plane, there is no aliasing of the filter response.

jw Im z

=, b .
N

s-plane z-plane

 Thebilinear transformation is given by

16
s® CX— L7

81+Z %)

where C is a constant to be found

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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BLT Warping of Analog Frequenciesto Digital Frequencies

«  The mapping from analog frequency Wto discrete-time frequency w is

W:CXtan% where w = ZDF;FC and C is a mapping constant
S
* The mapping is shown graphically below
w
p
W=0® w=0
P P " W=¥® w=p
-p

« The mapping constant allows us to adjust the scaling so we can get exact
correspondence at one additional frequency. A low frequency approximation is

c:ézst

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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BLT Example

Design adigital IR filter that implements the analog lowpass filter described by the
following normalized Laplace transfer function and a sampling rate of 20Hz. Use the low

frequency approximation of the bilinear transformation.

Hip(s) =

1
2 4425 +1

Wewill use the following mapping to get good low frequency approximation

T 1+Z g 1+Z g

* Plugging thisinto the Laplace transfer function gives

_ 1 ~ 0.0006033 {1+2z 1+72)
Gyiilz] = 2 = 1 -2
716 1- 1.9293z 1 +0.93757
§4o +282 §40x7 +1
1+ 7 g

1+7

Digital Filtersl1l - John Carwardine
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Comparison with Impulse Invariance M ethod

« The magnitude responses for the original continuous-time filter and the discrete-time
filters from both impulse invariance and bilinear transformation are show below

o T

-10

-20

%0 Impulse-invariance

-40

Maghtffie (dB)

-60

=70

-80 P | " P | " " PR I
10" 10° 10"
Frequency (Hz)

» For low frequencies, the impulse invariance method gives an exact match with the
continuous-time filter.

» Thebilinear transformation generates a zero (null) response at the Nyquist frequency,
whereas the impulse invariance aliases the original response.

« Both discrete-time filters have alias responses about multiples of the sampling rate.
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BLT Bandpass Example with Pre-war ping

Design a digital bandpassfilter given the following Laplace transfer function that has a
passband from 100rad/s to 200rad/s. The sample rate should be 100Hz. Use the bilinear
transformation such that the upper band edge matches exactly.

4s°
+2.8284s° +10s” +8.4853s +9

Hpp(S) =
bp &

» First we have to determine the value of the mapping constant C in the transformation
W=C ><tanVEV® C :chot%
 Thevaueof wisdetermined from the sampling rate and desired matching frequency

F. 200
F, 1000

=0.2

w=2p

« Theanalog frequency we want to match is 200rad/s so, we can compute C as follows

C= W>CotVEV = 200 mot% =1993.3

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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BLT Bandpass Example with Pre-war ping (cont)

* We can now apply the following mapping to our analog transfer function

s® 1993.347 2

1+z7°1

Plugging this mapping into the Laplace transfer function gives us the Z transform

2

4§19933 -7 t
_ 1+Z "
Gbp[z]_ 4
e 1- 210 e 1- 210
1993.3%———= +2.8284¢1993. 3><— +1001993. 3><— +84853 1993.3%——+9
1+z " 4 1+z* o 1+z* a9 1+z " 4

After alot of manipulation, we get the discrete-time transfer function

0.07638 +3.386 X0 ° z21-0.1528 272 + 7.772 X0 1% 23 + 0.07638z *

Gppl2Z] =
P 1+0.29622 1 +1.1042" % +0.1782 2 > +0.3862
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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BLT Bandpass Example with Pre-war ping (cont)

« Theresulting frequency responseis plotted in the figure, together with the
corresponding analog filter response and the BLT discrete-time filter response without
pre-warping.

BLT w/o pre-warp Matchpoint

-10

Magnitude (dB)

-151

BLT w/ pre-warp

-20 1 L 1 1
0 5 20 25 30
Frequency (Hz)

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Digital PID Regulator

» The most common feedback regulator isthe PID regulator, which has the Laplace transfer
function

K.
Hpid (8)=Kp +- +sXKg

Where Kp, Ki, Kd are the gain constants for the proportional, integral, and
derivative terms, respectively.

e A digital PID can be generated from this using either BLT or impulse invariance

mapping.
* Inthecase of the impulse invariance method, we simply use the mapping
1
S® =
1- 2z

e Thisresultsin the discrete-time PID transfer function

K. i
Hpidz(z) = Kp +1_ zl_l + Kd(l_ Z l)

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Digital PID Regulator (cont)

 Forthe BLT, with agood low frequency approximation, we use the mapping

Zfﬁ— 719

S® — _
T &zl

where T isthe sampling interval

e« Thisresultsin the discrete-time PID transfer function

gq+ 710 238 _ 716
+

2
Hpidz(2) = Kp + K| T

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Comparison of FIR and I IR Filters

Characteristic IR Filters FIR Filters
Fllte_r _ord(_ar for given L owest Highest
specification
Number of L east Most
multiplications
Memory requirements L east Most
Stability Must be designed in Guaranteed

. : Yes if impulse response
Linear phase Not possible is symmetrical
C_:an simulate analog Yes NoO
filters
Supp_orts adaptive Y es, but nqn-lmear Yes, and linear solution
filtering solution
Sensitivity to coefficient | Can be high — depends on

o L Generally very low
quantization realization
Difficulty in analyzing i :
finite wordlength effects More difficult Easier

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Digital Notch Filters

* A notchfilter isafilter that contains one or more deep notchesin its frequency response.
They can be used for example to eliminate 60Hz power-line frequencies from signals.

A simple FIR notch filter has the transfer function
H . [Z] =b,(1- 2cosw, >z *+ 7 ?)

and an | IR notch filter has the transfer function
1- 2cosw, xz’ '+ 72

Hiir[z]:bo 1 2__-2
1- 2rcosw, >z =~ +r°z
FIR Notch Filter with w, = 0.8p IIR Notch Filter withw, = 0.8p
oot 0.9k \\\ _}( v
3 /
I =097 ¢
Ml NI \'\ T~ =00
06} 0.6 l ,|
05} 0.5F I\\ ,I
04 0.4r l }
Magniiyde Response Magnigitde Response I\ {I
o2} ok 1]
01f 0.1
00 0.&)5 O.Il 0.;[5 0.2 0.I25 O.IS 0.I35 0.I4 0.115 05 G0 0.I05 O.Il 0.;[5 0.2 O.I25 0.I3 O.I35 O.I4 O.I45 0.5
Normalized Frequency (1=sampling rate) Normalized Frequency (1=sampling rate)
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filtersl1l - John Carwardine
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Comb Filters
« A comb filter can be considered afilter that has afrequency response that repeats
periodically across the frequency band.
* A comb filter can be produced from any filter form, with the substitution
7t 7V M is the required number of replications
Example
« A comb filter with 8 replications that was generated from an IR notch filter would be
1- 2cosw, xz' % + 2 1°
Hlz =k, 5, 2,16
1- 2rcosw, xz " +r°z
‘“’Whﬂmﬂmﬂq( Notice that the
: original response
o6l over 0- 2pis
.l replicated with
S periodicity 2p /M
O O D i, 2* 0% 0°
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filtersl1l - John Carwardine
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Optimal Least-Squares Filter Design

» Consider asituation where asignal x[n] isto be filtered in such away that the output
sequenceis as close as possible to adesired signal d[ n]

d[n]

+ gn]=d[n]- & f[k]>Xn- K]
y[n] K

e[n]

X[n] ——* f[n]

» Theleast-squares solution involves taking the derivative of the mean-squared error with
respect to each coefficient and setting the result to zero.

 Theresult isaset of Normal Equationsthat can be solved to find the optimum FIR filter
coefficients from the input auto-correlation and input-demand cross-correlation
functions.

& (i - 1) (1) = (i)
]

where T (j- 1) =E{x[n- jx{n-il} and ry(j)=E{d[n>xn- jI}
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Applications of Optimal Least-Squares Filters

» System ldentification - generate linear model of unknown system

- glnl="

X[n] —

—  f[N] yin| > S » e[n]

» Least-Squares Inverse Filter Design - generate inver se of known filter
din]

b
h[n] — f[n] > S > e[n]

» Linear Prediction - eg used in AR power spectrum estimation

X[n]

+

X[n]
x[n-n ] —> fn] S » e[n]

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Adaptive Filters

The least-squares filter works for situations when the input statistics are stationary.

An adaptive filter can be used as an alternative if the plant statistics are time-varying or
are not know exactly.

d(n)

) e

x(n) —  f(n)

« Thefilter coefficients adapt in order to minimize the error in aleast-sguares sense.
» Generally adaptive filters are FIR, since they have quadratic ‘ performance’ surfaces.

» Themost common agorithmisthe LMS, which is asimplification of the steepest-
decent iterative solution to a quadratic problem.

« Thevector of filter coefficients is updated on each step using the latest error, and a
vector of past input values, so that

=f _-a >fgn]>x

in+1 —N &anl>Xn

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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Adaptive Filter Application Examples

» Adaptive echo cancellation

| L

|

Filter Adaptive

QE T ) Hybrid Adaptive

Hybrid

e

T ¥ T Filter

» Adaptive line enhancement (detect small periodic signals buried in noise)

+ S e[n]

x[n]

%

Adaptive

Filter

\

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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Homewor ks

 Mitra7.1[Hint: multiply the frequency responses together]

* Using the formula on Page 34 of the lecture notes, design adigital IIR notch filter with
notch frequency at 120Hz, at a sampling rate of 5kHz. Use adamping ratio of 0.95 (r in
the formula). Compute the -3dB notch width of thisfilter in Hz.

 Mitrad.24 (Realizations homework)
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Digital Filters1l - John Carwardine
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System Realization

John Carwardine
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System Realization

» Review of direct and canonical forms.

o Cascade and parallel forms.

e Transposed realizations.

A good rule of thumb (cascaded biquads).
» Coupled form (state-space realizations).

o Latticefilters.

e Relevant sectionsin Mitra: 6.1, 6.3-6.5

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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Direct and Canonical Forms

« Wehaveseenthat all LTI systems can be represented by the generic difference equation

M-1 N-1
yinl= & ax{n- kl- abgyin- K]
k=0 k=

and can be implemented in either direct form or canonical form

Direct Form Canonica Form

yln] xinl

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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Why Consider Different Realizations?

* Inreal systems, it may beimpractical to implement the difference equation directly
« Memory requirements
» Processing requirements
* Finite word-length effects (number representation, quantization)

* Ingenerd, finite word-length effects get worse as the order of the transfer function
Increases.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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Cascade and Parallel Forms

e Theprinciples of linearity allow a system to be represented as an equivalent
combination of cascade and/or parallel forms.

Cascade Form Parallel Form
» Example: bandpass filter  Example: PID regulator
x[n] —> h,[n] > hln] ——y[n] h,[n]
X[n] —> — y[n]
h[n] = hy[n]* hy[n] n,In]

H[Z] = Hy[Z]xH [ 7]

h[n] =hy[n]+hy[n]
H[Z] = Hy[Z] + H[Z]

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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Cascaded System Example
« Thefollowing represents a 6th-order FIR filter as a cascade of 2nd-order systems

v[n] w[n]

y[n]

1

vin] =x[n] +x[n- 1] + x[n- 2]
win] =v[n]+v[n- 1] +Vv[n- 2]
yln] =win] +wn- 1] +wn- 2]

*  Some manipulation resultsin
y[n] =x[n]+3x[n- 1] +6X[n- 2]+ 7x[n- 3]+ 6X[n- 4]+3JNn- 5+ Xn- 6]
h[n] ={1,3,6,7,6,31}

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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Parallel System Example

A PID regulator iscommonly implemented as a parallel combination of three elements

Kp
-

Ki wn]

x[n]

y[n]

yin] =K, >x{n] + K, swin] + K >(nl - x[n- 1])
win] = x{n] +win- 1]

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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Transpose Forms

 Any LTI structure can be converted to another structure by the following operations:
— Reverse al path directions
— Replace pick-off points by adders and vice-versa
— Interchange input and output nodes

IR Canonical Form Transpose of 1R Canonical Form
x[n] —(S) »@—» yln] X[ — B—(S)————>yInl
| a, a,
71 21
Sy 5 «— =S .
C 1 = ) q 1
z1 z1
b2 az 8.2 b2
FIR Direct Form Transpose of FIR Direct Form
x[n] z1 71 z! z1 y[n]
89 & a, a, a, a,
(s) S y[n] X[n]
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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Rule-of-Thumb Good Realization

* Ingeneral, agood realization of a high-order system can be obtained by separating the
transfer function into a cascade of second-order systems, and implement each stage in
canonical form (biquad).

 “Good’ in this context implies low sensitivity to finite word-length effects.

 Example: a4th-order filter implemented as a cascade of two biquads

1% stage 2"d stage

winl ’Q) yin

b12 a12 b22 a22

H[Z] = Y[z] W[z] _ Y[z] _ &+ 8,7 M+ a7 20 @ +auz t +ayz 20

W[Z] X[z] X[z] & 1+b,zl+b,z 2 ;,’é 1+byz t+byz % 5
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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Procedurefor Pairing Polesand Zerosin Cascade Forms

» Complex conjugate pairs must appear in the same stage to ensurereal coefficients

«  When matching poles with zeros, the ideaisto pair each pole with a zero that is as close
to it as possible, to make the magnitude response for each stage close to unity.

— Match the complex pole nearest the unit-circle with the zero closest to it.
— Go to the remaining pole nearest the unit-circle and match it with its nearest zero.
— Repeat until all complex poles are matched, and then repeat for the real poles.

Example e
© > Real Z
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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Coupled Form

» The second-order coupled form falls into the category of state-space structures.

* It has certain benefitsin relation to available pole |ocations when implemented with
finite word-length (more on this in the next lecture).

HIZ] = J

1- (@ +d)z’ ' +(ad - bg)z ?

yln]=g>x[n]+(a +d)>y[n- 1]- (ad - bg)>y[n- 2]

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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L attice Filters

« Lattice structures are commonly used for prediction-error filters, in speech synthesis,
and in adaptive filtering.

When implementing a prediction-error filter, the outputs of successive stages are
successively better approximations to the desired output.

* Internal gains of each stage are always less than unity, which helps with scaling and
Implementation issues.

« Lattice structures have low sensitivity to quantization noise.

f[n f.[n
o 5 yir
X[n] —
Z-l
9ol 9,[n]
Two-Stage FIR Lattice Filter
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Realization - John Carwardine
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 FiniteWord Length Effects
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Contents

Quantization of Pole L ocations

» Filter performance depends on pole locations
e 4 bit implementation

USPAS ‘99 - Fundamentals of Digital Signal Processing

Top

-2 ]
219274+ -1.75
H(2) = 2z 2z+1 .
z°—z+0.3561 -1.25
1
FullScale  +2 o5
_ KU e 2 -05
- 2bits - 24 =0.25 oo |02
0
0.25
241 " 05
H (7) = 2 HLT52 o
z-—z+0.25 1
1.25
15
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Quantization of Pole L ocations

« Freguency response may change.

20 | |

4 bit implementation.

0 100 200 300

15 | |

8 bit implementation.

ald 27T | _
5
|
0
0 100 200 300
f
USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Quantization of Pole L ocations

 Mapping Quantized Coefficients to z-Plane

1
H(2)= 7’ -a,[x+a,

=P

p=r[&°
pr=re’’

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Quantization of Pole L ocations

* H(z) may be written in terms of z-plane magnitude and angle.

H(2) = :
ZZ-r@fZ-r& F+r@° e’
1
H 7) = P -
(2 2 -r(zle'? +e7? )+r?
B 1
7> —r [z[2[¢os@ +r?
HE@) =
z°—a lz+a,
a =r [2[¢os@ r=,a,

% =0 6?:cos‘lHLH
?0/a,

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Contents

Quantization of Pole L ocations

» Possible discrete pole locations based on the four bit quantized coefficients al and a2.

USPAS ‘99 - Fundamentals of Digital Signal Processing

Top
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Quantization of Pole L ocations

* Intended poles are quantized.

90
poles_magnitude 1
—I_ . 1 [ t | |
poles magnitudel 180" 1 <1 1 0
Y o+ 1 2
270
poles_angle, poles anglel
2427+ _ 0576 2 +1, + _
H(2) = 2Z 2z+1 p, = 0.596 [&°57 H,(2) = V4 : 1.75z+1 p,=05
z°—-z+0.3561 Py, z°-2+0.25
2 4oy41 P, =0596@° p, =05
(Z_ pl)Eﬁz— pz)
USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Binary Number Representation

* Binary numbers are represented with only ones or zeros.

a a a, 5 a, a, a, a, a,
b-1 _
2,3
1=
1010, =1[2° +0[2? +1[2* +0=10,,
USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Fractional Two's Complement representation

* Negative numbers must be represented in digital systems.

-S|a,|a,| a,

* Negative numbers are formed by subtracting the corresponding positive value from

2n+1.
b
—-s+ Z a_ 2"
0100, =-0+12™*+0@22+0[2° =05,
1101, =-1+1[2 7" +0[@27? +1[2° =-0.375,,
USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Subtraction

 Twao's complement representation makes subtraction easier to do.
e 6/8-5/8

 Two's complement of 5{§= 1011,

« 0001 = 1/8

0110
+ 1011

1 0001

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl

10
Contents Top Previous  Next



6/16/99

Overflow

 add 6/§,and 6/§,
« 1100, = -4/8,. This is not the right answer.

0110
+ 0110

1100

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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| nter mediate Over flows

* Intermediate overflows will not cause a problem, as long as the final result is within
range.

e Add4/8 +6/8-7/8
e 3/8 s the correct answer.

0100
+ 0110
= 1010
+ 1001
1 0011
USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Multiplication

 When two b bit binary numbers are multiplied, the result will be 2b bits long.
 6/8,=0.75,=011Q and 3/§, = 0.375, = 0011,

0110
x 0011

00100100

 The actual result is 0.28125
* The four-bit result is 0016= 0.25,,

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Product Truncation Errors

« Truncation of a 2b bit product to fit in a b bit word is called a truncation error.
 An error is introduced because the b bit value must be an integer multiple of q.

_ * fullscale
= >

 The error can range from -g/2 to +qg/2.

P(e)

1/q
< » e

-q/2 g/2
 Compute the variance of p(e) as:

q/2 1 q/2
o’ = Ie Ep(e)le:—DIe
-q/2 -q/2

USPAS ‘99 - Fundamentals of Digital Signal Processing
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Product Truncation Errors

« 02is a measure of the noise power caused be the quantization.

a
XIn ) > + n
T p
bits bits bits
e[n]
USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Canonic Section

* Noise sources must be added any time that a multiplication is made.

&,[n]

« All the noise sources in the figure above have the same magnitiiiz, g

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Canonic Section

* Noise sources that feed the sane adder may be combined.

e,.e, €,,€,,6;
a
X[ (j\ - A} yin
71
2 ) _
12 S 9.2
12 & 12 3
Z-l
A-bz N %
N L
2 2 00 3 2
o2 =24 DZfz[n]+ .
12 £ 12
USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Canonic Section

« f[n]is the impulse response from the noise source to the filter output.

a+ta ¥ +a,F”
1+b G +b, [&?

H[Z] =

f[n] =2, &{n|+a, [&n-1]+a, [&n-2]+b [F[n-1]-b, [ [n-2]

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl

18
Contents Top Previous  Next



6/16/99

Canonic Section

« example H[Z] = 0.1436+0.2872(%* +0.1436 % *
1-1.8353[Z* +0.9747%*

f [n] = 0.1436 [&n| + 0.2872&{n 1] + 0.1436 (&{n - 2] +1.8353F [n - 1] - 0.9747 ¥ [n - 2]

2 |
bs \
»’0:0. o | ©
v o ’-S:%Mlmm— Z) f2[n] 045
o o o (1Y n=
i
- |
0 200 400

2 o 2 2 2
o7 =24 fz[n]+3q -2 EL5+3i:7.75E12
12 2 12 12 12

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Direct Form

« Each multiplier truncation is treated as the addition of a noise source.

yln]

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Direct Form

» All five noise sources are of equal magnitude and they all feed the same adder.

61,62,63,64,85 q_2 = 2__25
12 3
x[n] y[n]
USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Direct Form

* Impulse response from the noise source to the output.

el’eZ’e3’e4’e5

y[n] y[n] =gn] +1.835303[n-1 -0.97473[{n- 2]

[Z yn] =2 El47 61.250

Form o? [P
Canonic  7.75
Direct 61.25

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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ADC Quantization Noise

2 -2B
o O _2
12 3
USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Scaling

e Direct Form

* Using two's complement math only the final result must be within the representable
range.

x[n] y[n]

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Scaling

e Canonic Form
 Two adders in this system.

a0
X[N] @ > + ) yIn]
Z-l
Abl 2
N L~
Z-l
] b, !\az
~ L~
USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Scaling

e L;ynorm

5 = z\w[n]\

« If the input is multiplied by 1/s1, then the gain at w[n] will be one.
« Example

0.1436+0.2872[7 1 +0.1436 %>

H[z] = & >
1-1.8353[%* +0.9747 %

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Scaling

e L;ynorm
« Example

Y[z] _ 0.1436+0.2872(% " +0.1436 (%
X[z] ~ 1-1.8353[%'+0.9747%

Y[Z] = 0.1436+0.2872[2 " +0.1436 22 3 X[2] -
1-1.8353(% " +0.9747 2

X|z
W7 = e .
1-1.8353( % +0.9747(%

w[n] = X{n] +1.8353MW[n—1] - 0.9747 G\{n—2]

USPAS ‘99 - Fundamentals of Digital Signal Processing Finite Word Length Effects- Rob Merl
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Scaling

e L;ynorm
« Example

w[n] = X{n] +1.8353M[n—1] - 0.9747 G\{n— 2]

1000

S = z\Mn]\ =136.4
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Scaling

e L;norm
e Input is multiplied by 1/s1

a0
x[n] H%@ > + )= yn]
/s, -
A-bl !
N L~
Z-l
A_bz N %
~ L~
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Scaling

e L,norm
e Scaling down the input prior to processing compressed the range of values that our filter
may see.
jar
S = MaXi< o

» Ensures that there will be no overflow at the w[n] when a sine wave is applied at x[n].

 Example
. = 107.
> 107.042, 1%V | |
100 [~ —
W(2) _ 1 w2
X(z) 1-1.8353x'+0.9747x° ~— 50 [ —
0262, ") \\.,_ l I
0 100 200 300
0, f 250,
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Tipsand Techniques

« Topics
— Windowing In Frequency Domain
— Calculating the Inverse DFT using the Forward DFT
— Simplified FIR Filter Structure
— Generate sine and cosine waveforms and tables
— Anti-Alias Filter Considerations
— Noise and Aliasing - a case study
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Windowing In Frequency Domain

*  Suppose we have the DFT of data, but need the DFT of that same data
with awindow function applied to reduce |eakage.

* Must we multiply the sequence by a window function and recompute the DFT?
 NO- thereisaanother way

* Recall that multiplication in the time domain;ie, time series multiplied by a window
function, is equivalent to convolution in the frequency domain.

e Convolution of the DFT of the unwindowed function with the DFT of awindow
function with a small number of non-zero terms will take less calculations than applying
the window to the original time sequence and then recal culating the DFT.

Works most efficiently with window functions of the form:

w(n) =a +b cos(2pn/N) +1 cos(4pn/N) +K

— Examples are the Hamming, Hanning and Blackman Windows
e  Such windows have simple DFTs with small number of nonzero values.
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Windowing In Frequency Domain

5/1/02
Sinewae
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f.l.b'l | |
| | i | I |
| | | |
|
o | | I | | |
| | | wln
I | ' I
-5} | | i | |
| ' |
| | | ] |
=jt
=15 IE- 1 1 1 1 1 1 1 ] ]
a 05 1 1.5 a 256 3 3.5 4 45 5
Time in milllasconds
DF T ey leschi = P ' Rkow
]
i
W
il
1
1l
mw’
il
i
"
I|:II ' I X J 2;7“: 2.I HIIE T
USPAS ‘99 - Fundamentals of Digital Sgnal Processing
Contents Top

Non-windowed function
&
DFT

DFT magnitiede — Mo Window

1|:|- L i i 1 ! ! 1
o 1 2 3 4 =] =] 7 &

Fraguency kHz

Tips & Techniques- Frank Lenkszus

4

Previous Next



5/1/02

Contents

/le@

Windowing In Frequency Domain

Consider a window function of the form:
wn] =a - b cos(2pn/N)
N-1 _
WIK] = § [a - b cos(2pn/N)]er 1N

n=0

Taking the DFT
Using Euler’srelation .1

WIKI= 3 fa - (b/2)e® M - (b/2)e 2N g 2
Thus we get n=0

o b 't b gt |
W[k] —a a e-]2pnk/N _ _a e—Jan(k-l)/N _ _a e j2pn(k+1)/N

n=0 2 n=0 2 n=0
Each of the three terms above result in aDirichlet Kernel of the form:
sin(pk) sin(p (k- 1)) sin(p (k +1))

sn(Pk/N)  sin((k- J/N)  sin(p (k+1/N)

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Hanning Window In Frequency Domain

Windowing In Frequency Domain

e

b/2

a

/v/ f \H”a
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Windowing In Frequency Domain

Since there are only three termsin the DFT of the window function, the expression for
any term of the DFT of the function with the window applied (convolution of the

window DFT with the function DFT) is:

Xsnea K =2XI0 - 2 X[K- -~ X[+

X sk =2 RE(X[KI)- - (Re(X[K - 1)+ Re{X[k-+1])

1 Im(x0K)- 2 (im(x[k- )+ 1m{x{k + )}

— Three nonzero terms in Window function DFT yields three none zero termsin the
convolution

 Thuswe can get an N-point DFT with 4N additions and 4N multiplications rather the
Nlog,N additions and 2Nlog,N multiplications that would be required by a DFT

For the Hanning window a, b=0.5 - multiplication by a and b/2 reduce to 1-bit and 2-bit
shifts

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Windowing In Frequency Domain

Hanning Window
T T

Wl

bz

02t

05}

-08t

Multiplication in the time domain is equivalent to:
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Windowing In Frequency Domain

Convolution in the Frequency Domain

CFT wapuds - 4o Wi sl

Froquangy sH1
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Windowing In Frequency Domain

) CDFT magnibuda, Hamming Window Gorvehved with Unwindowad DFT
107 ¢ . == > . . . 3

DFT rmagnilude, Hanting Wirdow Cormeolved with Urnsindowed DFT
T T T T T T

10 :':_ i
E ]

Frequency kHz
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Inverse DFT using the Forward DFT

* Some applications require calculation of the Inverse DFT, but only the Forward DFT
may be available

* Two methods to compute the Inverse DFT from the Forward DFT

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Inverse DFT using the Forward DFT (#1)

X

[m] g = 1N = X [N
Forward
DFT

[m] 1/N — X

real

imag

1 -1

Conjugate X[m]

Compute the forward DFT of X[m]”
Conjugate the forward DFT results
Divide by N

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Inverse DFT using the Forward DFT (#1)

o Consider the expressions for the Forward and Inverse DFT:

n-1 -1
X(m) = é x(n)e' j2pnnyN X(n) — % é x(m)ej 2pnny N

n=0 =0
» Takethe complex conjugate of the Inverse DFT:

zn-1 ' O
X (n) :igé_ X(m)e‘”””’“ﬂ
N €n=0 u
* 1 no-l * —j2pnn}/N
X (n):ﬁa X(m) e
n=0

X(n) =~ gné_l X (m)" g 1N H
N &= U ¥~ | ookslike the forward DFT
» Therefore we can obtain the Inverse DFT by:
— Conjugating X(m)
— Compute the forward DFT of X(m)”
— Conjugate the forward DFT results

— Divideby N

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Inverse DFT using the Forward DFT (#2)
Xreal[m] g " 1/N — Xreal[n]
Forward
DFT

Ximag[m] > > 1/N — ximag[n]
Swap the real and imaginary parts of X[ m]
Calculate the Forward DFT of the X, peql M|
Swap the real and imaginary parts of the Forward DFT’ sresults
Divide each term by 1/N to get X[ n]

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Inverse DFT using the Forward DFT (#2)

» Restatethe Inverse DFT

18! |
qn =< a X[k]e'*™

k=0
« Split X(m) into real and imaginary parts and user Euler’ s relationship for €4

X[n] = %a [X e [K1 €OS(2PKIY N) = X1 [K1SIN(2PKIYN)| + [X o [KISIN(2DKY N) + X, o0 [K] cOS(20KIYN))]
. Theaboveisan equivalent expression for the Inverse DFT of X(m)

* Now, swap thereal and imaginary parts of X(m) and take the forward DFT

- 1N
8 (Xireol K] + X, [K]{cOS(2DKIYN) - jSin(2DkYN))
cNﬁl[Ximag[k] coS(2pk1Y N) + X,y [K] SN(2pk1y/N)|+ [ X, s [K] cOS(2PKN/N) - X, [K]SiN(2PKryN)]

k=0

 Now swap thereal and imaginary p

L ooks the same
[K]sin(2okny N)| + J[X g [K] cOS(2Dkn/ N) + X, o [K] sin(2pkn/N)]

N-

3 l[Xreal[k] Cos(zpkn/ N) - Ximag

k

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Simplified FIR Filter Structure

« Basicidea
— Take advantage of symmetrical property of coefficients to trade multiplications for
additions

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Simplified FIR Filter Structure

Conventional Filter Structure

x[n-1] xn-21 [ - 71 x[n-4]

h[O]

h[2]
hi1] | h[3]

el | T

> y[n]

Observe:

. . h[O]=h[4]  h[1]=h([3]
Odd # of Symmetrical Coefficients

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Simplified FIR Filter Structure

Simplified Filter Structure

X[n-4]

X[n-3]

7zl e 71

X[n-2]

x[n]

X[n-1]

| 771

h[0]=h[2] h[1]=h(3]

. . > yin]
Odd # of Symmetrical Coefficients
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Simplified FIR Filter Structure

Conventiona Filter Structure

X[n-1] oo x[n-2] o) X[n-3]

h[0]

h[2] h[3]
h[1] h[4]

h[0] h[9]
I ! Observe:

h{O]=h[5]  h[1]=h[4]  h[2]=N(3]

Even # of Symmetrical Coefficients
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Simplified FIR Filter Structure

Simplified Filter Structure

X[n-4] N X[Nn-3] N X[n-2]
zZ zZ
X[n] . 71 X[n-1] | | >1 o 71
h[0]=h[2] h[1]=h[3] h[2]=h[5]
> y[n]
Even # of Symmetrical Coefficients
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Generating Tables of Sineand Cosine Values

* Occasionally the need to generate tables or of sines and cosines arises

— There may be insufficient memory to statically store all values or the period may be
a changeabl e parameter

o  Start with a pair of trigonometry identities:
sin(A+ B) =sn(A) cos(B) + cos(A)sin(B)
cos(A+ B) =cos(A) cos(B) - sin(A)sin(B)
« Let A=a andB=na sowe have:
sinfa (1+n))=sin@) cos(na ) + cos(a )sin(na)
cosa (1+n)) = cos(a)cos(na) - sin(a)sin(na)
ys'n [n + 1] - S| n(a ) ycos[n] + CO.S(a ) ysin [n]
yCOS[n +1] — COS(a’ ) yCOS[n] - S n(a )ys'n [n]

» The above two equations are in the form of difference equations which may be iterated
to generate sequences of sines and cosines for a given angle step a

— Only sin(a) and cog(a) need be stored

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Generating Sine and Cosine Values- Example

Example: let a=22.5° , then sin(a)=0.382683 and the cos(a)=0.923880
Repeating our difference equations for convenience;

ysin [n +1] = SI n(a)ycos[n] + CO§(a ) ys'n [n]
ycos[n +1] = COS(a ) ycos[n] -3 n(a )ys'n [n]

for n=1:
Yi[2] =sin(2a) =si n(45°) = 0.382683* 0.923880 + 0.923880* 0.322683 = 0.707107

Y..d2] =cos(2a) = cos(45°) =0.923880 * 0.923880 - 0.382683 * 0.382683 = 0.707107
for n=2:
Y, [3] =sin(3a) =si n(67.5°) = 0.382683* 0.707107 +0.923880 * 0.707107 =0.923880

ycos[ 3] = cos(Z ) = cos(67.5°) =0.923880 * 0.707107 - 0.382683* 0.707107 = 0.382683
for n=3:

Y4.[4] =sin(4a) =sin(90°) = 0.382683 * 0.382683 +0.923880 * 0.923880 =1.000000
Y. 4] =cos(4a ) = cos(90°) = 0.923880 * 0.382683 - 0.382683 * 0.923880 = 0.000000

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Generating a Sine Wave

o  Start with the trigonometric identity:
gna +S|nb:25|n8el bgcosga\ bg
e 2 g e 2 g

a=nw, b=(n-2w,

 Then substituting for a and b
sin(nw,) +sin((n- 2w, ) = 2sin((n- 1w, )cos(w,)
yin] = sin(nw,) = 2cosw, )sin((n- Hw, )- sin((n- 2w,)
yIn] = 2cosiw, )* y[n- 1- y[n- 2]

« Theaboveisadifference equation involving the constant 2cos(w,) and the two prior

valuesof sin(w
Wo) W, =w, = 2pf / f, W, is discrete frequency

« Tostarttheiterationsweuse y[n-1]=0 ; and y[n- 2] =- sin(w,)

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Generating a Sine Wave - Example

Generate a 10Hz sine wave with a sampling frequency of 1kHz
yIn] = 2cosiw, )* y[n- 1- y[n- 2]
« Initial conditions:
y[n-1]=0
yin- 2] =- sin(w,) =- sin(2* pi* f /f,) = - sin(2* pi*10/1000) = - 0.062791
2* cosfw,) = 2* cos(2* pi*10/1000) =1.996053
e [terations:
y[1] =1.996053 * y[n- 1] - y[n- 2] =1.996053 * 0.0- (- 0.062791) = 0.062791

V2] =1.996053 * 0.062791 - 0.0 = 0.125333

y[3] =1.996053 * 0.125333 - 0.062791 = 0.187381

y[4] =1.996053 * 0.187381 - 0.125333 = 0.248690
e Etc.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Generating a Sine Wave - Example ’AMW
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Anti-Alias Filter Considerations

 ADC quantization noise and resolution (1 LSB) in percent and dB

N Q noise(dB)

08
10
12
14
16
18

-49.9
- 62.
-74.
- 86.
- 98.
-110.

R, OOO

OCooooo

For aperfect ADC of N bits

N\R,, =6.02N +1.76

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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Resolution
Per cent dB
. 3906 -0.03400
. 0977 -0.00849
. 0244 -0.00212
0061 -0.00053
. 0015 -0.00013
. 0004 -0.00003
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Anti-Alias Filter Considerations

e Maintain accuracy commensurate with ADC resolution
— Reduce alias contamination below quantization noise of ADC
— Keep filter pass-band attenuation within ADC resolution
o Parametersto adjust
— Sample Frequency
— Filter Type
— Filter cutoff frequency
— Filter Order
o  Other factors

— Filter phase shift may be important consideration in stability of feedback
applications

— Filter pass band undulations may be undesirable in high resolution measurement
applications

* No pass band undulations - Butterworth, Bessel, Chebychev |
» Passundulations - Chebychev |1, Eliptical
— Filter roll-off affects amplitude of frequencies near cutoff

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Anti-Alias Filter Considerations

Butterworth Low-Pass Magnitudes

Contents

Filter Order
f/fc 1 2 3 4 5 6 7 8
0.0 0.0000 0.0000 0.0000 0.0000 -0.0000 0.0000 0.0000 0.0000
0.1 -0.0432 -0.0004 -0.0000 -0.0000 -0.0000 -0.0000 -0.0000 -0.0000
0.2 -0.1703 -0.0069 -0.0003 -0.0000 -0.0000 -0.0000 -0.0000 -0.0000
0.3 -0.3743 -0.0350 -0.0032 -0.0003 -0.0000 -0.0000 -0.0000 -0.0000
0.4 -0.6446 -0.1098 -0.0178 -0.0028 -0.0005 -0.0001 -0.0000 -0.0000
0.5 -0.9691 -0.2633 -0.0673 -0.0169 -0.0042 -0.0011 -0.0003 -0.0001
0.6 -1.3354 -0.5292 -0.1980 -0.0723 -0.0262 -0.0094 -0.0034 -0.0012
0.7 -1.7319 -0.9346 -0.4831 -0.2434 -0.1210 -0.0597 -0.0294 -0.0144
0.8 -2.1484 -1.4910 -1.0111 -0.6736 -0.4429 -0.2886 -0.1869 -0.1206
0.9 -2.5768 -2.1909 -1.8510 -1.5548 -1.2991 -1.0803 -0.8947 -0.7383
1.0 -3.0103 -3.0103 -3.0103 -3.0103 -3.0103 -3.0103 -3.0103 -3.0103
1.5 -5.1188 -7.8265 -10.9309 -14.2535 -17.6838 -21.1643 -24.6676 -28.1812
2.0 -6.9897 -12.3045 -18.1291 -24.0993 -30.1072 -36.1247 -42.1445 -48.1649
3.0 -10.0000 -19.1381 -28.6332 -38.1704 -47.7122 -57.2546 -66.7970 -76.3394
4.0 -12.3045 -24.0993 -36.1247 -48.1649 -60.2060 -72.2472 -84.2884 -96.3296
5.0 -14.1497 -27.9657 -41.9385 -55.9176 -69.8970 -83.8764 -97.8558 -111.8352
6.0 -15.6820 -31.1294 -46.6892 -62.2521 -77.8151 -93.3782 -108.9412 -124.5042
7.0 -16.9897 -33.8057 -50.7059 -67.6078 -84.5098 -101.4118 -118.3137 -135.2157
8.0 -18.1291 -36.1247 -54.1854 -72.2472 -90.3090 -108.3708 -126.4326 -144.4944
9.0 -19.1381 -38.1704 -57.2546 -76.3394 -95.4243 -114.5091 -133.5940 -152.6788
10.0 -20.0432 -40.0004 -60.0000 -80.0000 -100.0000 -120.0000 -140.0000 -160.0000
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Anti-Alias Filter Considerations

Butterworth Low-Pass Angles

A

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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Filter Order

3 4 5 6 7 8
0.0 0.0 0.0 0.0 0.0 0.0
-11.5 -15.0 -18.6 -22.2 -25.8 -29.4
-23.1 -30.1 -37.3 -44.5 -51.7 -59.0
-34.9 -45.5 -56.3 -67.2 -78.1 -89.1
-47.3 -61.4 -75.8 -90.4 -105.1 -119.8
-60.3 -78.0 -96.1 -114.5 -133.1 -151.7
-74.1 -95.7 -117.7 -140.0 -162.4 -185.0
-88.9 -114.9 -141.1 -167.5 | -194.1 -220.9
-104.4 -135.9 -167.1 | -198.2 -229.5 -260.8
-120.1 -158.1 | -195.7 -233.1 -270.3 -307.4
-135.0 | -180.0 -225.0 -270.0 -315.0 -360.0
-186.1 -251.7 -317.0 -382.0 -446.8 -511.4
-209.7 -282.0 -353.9 -425.5 -496.9 -568.3
-231.0 -309.3 -387.3 -465.2 -543.0 -620.8
-241.0 -322.2 -403.3 -484.2 -565.1 -646.0
-246.9 -329.9 -412.7 -495.5 -578.3 -661.0
-250.8 -334.9 -419.0 -503.0 -586.9 -670.9
-253.6 -338.6 -423.4 -508.3 -593.1 -677.9
-255.6 -341.2 -426.8 -512.3 -597.8 -683.2
-257.2 -343.3 -429.4 -515.4 -601.3 -687.3
-258.5 -345.0 -431.4 -517.8 -604.2 -690.6
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Anti-Alias Filter Considerations

* Relation between sampling frequency and desired attenuation
« For aButterworth Filter

[H(jw)[* = : N H (W), ‘10|Oglog : 3
1+(f /) al+(f/f)" g
« Difference in dB between passband frequency f, and any frequency fy
2Nu
el+§/c OZNu éf U
10|0910A 10|Ogm§fa: U= 20N|Ogloef—u
el+(; f L] [} H e'nt
Cﬂ G
«  Weselect the lowest allasedfrequency tofall at f, S0 fa=T.- Ty therefore

é
dB Attenuation » 20N Iogloe:— 1u

e'r
» The above equation relates desired attenuation to Butterworth Filter order and the ratio

of the sampling frequency to the pass band frequency
» Thefollowing table evaluates the above expression for %p ratios 3-10

3 4 5 6 7 8 9 10
6.02N 9.54N | 12.04N [ 13.98N | 15.56N [ 16.9N [ 18.06N 20N
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Anti-Alias Filter Considerations

Signal ———
o
Salias :
— f isaliased to f,
« fs_fb
V Qnoise < >
fb fS/2 a fS

Aliased frequency is greater Qi
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Anti-Alias Filter Considerations

Signal ———
Filter —

f f/2 f f
S
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Anti-Alias Filter Considerations

Signal ———
Filter —
Filtered Signal ———

Aliased frequency now at or below Qs
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Histogram of ADC Noise

ADC Qutput Code Histogram
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DFT - Sampling at 20 kHz

FFT of PSC20 ADCD Moise
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Aliasing Case Study

 How do we determineif an observed line is aliased?
« Shift the sampling frequency slightly and recalculate the DFT
« If the measured frequency changes -- the toneis aliased

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Aliasing

« HoldfsConstant and sweep atone from O to 3 f,

3f,
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Aliasing
» Two cases depending on whether aliased frequency is above or below a multiple of fs / 2
 Equation1
2n+1
1:observed - factual B nfs nfs £ 1:actual £ 2 fs
 Equation 2
_ 2n+1
1:observed - (n t 1) 1:s ) 1:actual 5 f Ef o E (n +1) fe

» Both cases have two unknowns, n and f,,, , therefore need two equations.
— Get two equations by changing fs and recomputing f . a
— But can’t change f; so much that an nf;or (2nf,+ 1)/2 is crossed
e  Which equation should be used?
— Rule:
If fopserveg MOVES iN the same direction as f,, then use equation 2, else use equation 1.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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Aliasing

e Get two equations and two unknowns by using two sampling frequencies and making
two observations

e Solving Equation 1:

N = fobsz ~ fobsl factual — fs1 fobsz B fsz fobsl
fg- f 1:sl- fsz

sl s2

 And Equation 2:

N = 1:obsz - fobsl -1 f il = fslfobsz - fsz fobsl
- actual
fsz = fSl fSZ - fSl
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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DFT - Sampling at 20 kHz (Expanded Scale)

FFT of PSC20 ADCO Moise (Expandesd Fraguency
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Aliasing
o Sampling at 20 kHz
A
3.8 10.0 20.0 /\/ . .
0.5f, 1.0f, Answer Hidden from View
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DFT - Sampling at 19.950 kHz

; FFT of PSCE0 ADGO Noise
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Aliasing
o Sampling at 19.950 kHz
A
34 9975 1995 ” Answer Hidden from View
05f, 1.0f,
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Aliasing

e The Solution:

»  Observed frequency moved in same direction (down in frequency) as the sampling
frequency, so use equation 2.

. 34-38
19.95- 20
* _ *
P 20*3.4- 19.95* 3.8 —156.2kHy
19.95- 20
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Tips & Techniques- Frank Lenkszus
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A Clue

e The+/-15Volt DC-DC converter switches at 165 kHz +/- 15%
Wecomputed 156.2 kHz

» From the Histogram data we infer a peak-to-peak swing of ~ 1mV
« Can't seethiswith an oscilloscope because of general noise levels.
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DC-DC Converter Replaced with Linear Supply
ADC Quiput Code Histagram
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DC-DC Converter |solated and Filtered
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Results

e Reasults:
— Original circuit
* 662 microVoltssigma ~ 2 bits
— Fina
o 275 microVoltssigma~ 0.9 hits
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UNUSED SLIDESFOLLOW
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Windowing In Frequency Domain

Sinewave
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Windowing In Frequency Domain

DFT magnitude - No Window
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Windowing In Frequency Domain

DFT magnitude - Hanning Window on Input Sequeance
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Inverse DFT using the Forward DFT (#2)

o  Stepsfor method #2
— Swap thereal and imaginary parts of X(m)
— Cadculate the Forward DFT of the Xg5neq(M)
— Swap thereal and imaginary parts of the Forward DFT’ s results
— Divide each term by 1/N to get x(n)
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DFT - Sampling at 19.950 kHz

FFT of PSG20 ADCO Noisa
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DFT - Sampling at 19.950 kHz (Expanded Scale)

FFT of PSC20 ADCO Noise (Expanded Freguency)
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ADC Noise Histogram (Linear Supplies)

ADC Output Code Histogram
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DC-DC Converter Replaced with Linear Supply

. FFT of PSC20 ADCD Moise
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ADC Noise Histogram (Final)
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Advanced Sampling Techniques

John Carwardine
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Review of lowpass sampling.
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Sample-rate conversion (multi-rate signal processing).
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L owpass Sampling - Review

* Elements of sampling a continuous-time signal

contingous—time analoa samplin analog-digital
signal 9 piing conversion
I/\_/—\ > > hHT HH —» DSP Operations
! » t T » n

 Time-domain and Fourier-domain representation of a sampled-data signal that has
frequency content between +/-B and is sampled at Fs > 2B.

o(f)

AYAY/YaYAY

2Fs

Xs(1)

* We showed mathematically that when sampling at a frequency Fs, we cannot
distinguish between f, and a frequency fxkFswhere k is an integer.

X[ N] =sin[2pT(f £kFe)n+f ]

USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Motivation for Bandpass Sampling

» Frequently in signal processing, thereis aneed to sample signals that have limited
bandwidth, and ride on a carrier frequency much above the bandwidth of the
information we wish to sample.

* An accelerator exampleisthat of turn-by-turn beam position monitors where, for
example at the APS, we have position information in a 135K Hz bandwidth that rides on
acarrier of 352MHz.

 Theavailable options are to sample at twice the highest frequency, or to mix down to an
intermediate frequency before sampling, in which case the validity of the mixed signal
then depends on the stability of the mixing signal.

» Bandpass sampling provides a mechanism for directly sampling the information without
the need for amixer and | F system.

USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Bandpass Sampling - Overview

 What if that signal we want to sample is not within the frequency band +/-B, but within
the band Fs+/-B...?

 Thesigna would be aliased down into the band +/-B, but we would have successfully
sampling the signal and retained the information.

Example
 Consider an analog signal with bandwidth of +/-1MHz, riding on a carrier of SMHz.

f (MHz)

» According to what we have previously considered, we would have to sample this at
greater than 18M samples/second.

USPAS‘99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Bandpass Sampling Example

* Instead, let’s sample the signal at only 10M samples/second.

Image Original
spectrum spectrum
j L 1‘ L f (MHz)
-10 -5 0 1 3 5 7 10
(Fs/2) (Fs)

* Inthiscase the Nyquist frequency would be 5SMHz, and the original spectrumisinthe
range of FS/2 to Fs, instead of the range DC-F</2 (as we are used to seeing).

e Theoriginal spectrum isaliased into the lower half of the frequency band, reflected
about the Nyquist rate of 5SMHz, appearing in the frequency range 3Mhz - IMHz.

* S0, we have successfully sampled the signal using a sampling rate aimost half the
‘officially’ required rate

USPAS‘99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Bandpass Sampling Example (cont)

« What if we sample at only 6.5M samples/second??

Image Original
spectra spectrum

f (MH2)

255 554
(Fs/2) (Fs)

6.5 9.75

e Thistimethe original spectrum lies between Fs and 1.5Fs.

» Here, the spectrum is reflected about the sampling rate, to appear in the range from Fs/2
to Fs, spanning 6MHz - 4AMHz.

* Itisthenreflected a second time about Fs/2, finally appearing in the lower half of the
sampled frequency range between 0.5MHz and 2.5MHz.

Can we sample at an even lower rate and still get a unique spectrum??

USPAS‘99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Lower Limit of Sampling Rate for Bandpass Example

 We canindeed sample at less than 6.5M samples/second, but not by much.

» Toconsider what happens, let’ s revisit the case from the last slide and examine how the
spectral images behave when we reduce the sampling rate below 6.5M samples/sec

— —

e f (MH2)
-Fs -Fs/2 Fs/2 Fs

» Asthe samplerateisreduced, the image spectra move closer together, until eventually
they collide when the sample rate gets to 6M samples/second.

Original
spectrum

f (MHz)
0 3 6
(Fs/2) (Fs)

USPAS‘99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Upper Limit of Sampling Rate for Bandpass Example

* Now let’s consider what happens if we increase the sampling rate from 6.5M
sampl es/second.

e f (MHz)
-Fs -Fs/2 Fs/2 Fs

* Thistime, the image spectra move further apart until eventually the first image spectrum
collides with the original spectrum when the sampling rate reaches 7M samples/second.

Original
spectrum

. - f (MHz)

(Fs/2) (Fs)

USPAS‘99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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In the general case, there might be any number of image spectra between the original
spectrum and its negative frequency image.

Consider the case where the original spectrum is centered at frequency fc, and has
bandwidth B.

It can be shown that if there are mimage spectra between the original and its negative
image, the range of possible sampling frequencies is given by the expression

General Case of Bandpass Sampling

2fc- B, o3 2fc+B
m m+1
Example withm=5
» 2fc+B >
« 2fc-B >
(NANARARANEN

USPAS‘99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Graphical Representation of Possible Sampling Rates

l« 2fc+B

ﬂ ! .
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>
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AMDANDAND
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Sampling rate (fs/B)
(o]
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Selection of Sampling Rate - Example

What sampling rates could be used for a signal that is centered at 20MHz, and has a 4MHz
bandwidth (ie spanning the frequency range 18MHz to 22MH2)?

« Thehighest frequency is 22MHz, so the ratio of highest frequency to bandwidth is5.5.
» Thefigure shows possible sampling rates for this case

B=4MHz, fc=20MHz

12 fs>44MHz =

. T
8

}4—— 22MHz<fs<36MHz

Sampling rate (fs/B)

6

4 é— 14.67MHz<fs<18MHz
— 11MHz<fs<12MHz

2

A .
»

1 2 3 4 5 6
Highest frequency component / bandwidth ([fc+B/2]/B)

USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
12

Contents Top Previous  Next



6/18/99 @
”MW }

* When designing the front-end for a bandpass application, there are a couple of pointsto
bear in mind.

Front-End Requirements for Bandpass Sampling

« Firstly, the analog front-end circuits and sample/hold must be designed for the
maximum signal bandwidth (ie fc+B/2), which can be several times the sampling rate.

Secondly, the anti-alias filter must be a bandpass filter since noise both above and below
the band of interest can be aliased into the baseband.

USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Quadrature Sampling

Jﬁ?

 What if the signal we wish to sample contains both amplitude and phase information?
» Anexample of this might be sampling of accelerating cavity voltage for digital control\

of the RF systems.

» The basic scheme isto modulate the incoming continuous-time signal with in-phase and
guadrature sinusoids at the carrier frequency of the signal.

AD
converter

—> Real { x(n) }

lowpass
filter

sin( 2pf_.t)
x(t)

cos( 2pf.t)

lowpass
filter

A/D

| converter

— Imag { x(n) }

* Two continuous-time signals must now be anti-alias filtered and sampled to produce two
discrete-time sequences corresponding to the real and imaginary parts of the original

continuous-time signal.
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Quadrature Sampling with Digital Mixing

* Inpractice, it can be very difficult to implement the I/Q mixing without error so that the
two channels match each other exactly.

* Modern technology now offers a completely digital approach to this problem.

lowpass
filter

—> Real { x(n) }

sin( 2pf_nt,)

AID x(nty) "\ discrete-time
X(t) » converter .~ sequences
Fs=4f =1/t cos( 2pf;nt; )

lowpass

fiter [ Imag {x(n)}

* The continuous-time signal is sampled at exactly 4 timesthe carrier frequency.

» Digital sine and cosine signals are multiplied with the incoming discrete-time sequence
to generate the real and imaginary part of the signal.

 Why sample at exactly 4 times the carrier frequency of the continuous-time signal?

USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Sample-Rate Conversion

o Consider the following sampled-data discrete-time sinusoid

MHHHHW | | TIHHHHHHT_l
s

» Thishas 64 samples per period, so the discrete-time frequency is 2p/64.
« If the sample-rate had been 128kS/s, this would represent a 2kHz sinusoid.
 How would we represent this signal at a sample-rate of 16kS/s or 256kS/s?

« Thesignal can be decimated to produce fewer samples per period (ie reduce the sample-
rate) or interpolated to produce more samples per period (ie increase the sample rate).

USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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« If thesignal isto be archived, then reduction of data storage might be an objective.
* Inrea-time applications, unnecessarily high data rates requires additional processing
power with consequential impact on cost or performance.

*  When implementing filters, it is sometimes impossible to achievethe required
performance at high sample rates because of wordlength effects.

Motivation for Decimation of Discrete-Time Signals

* Almost aways, something is done to the signal before it is deci mated.
— Example: 16-times over-sampling ADC, with 4-bit quantizer.

X[K] X,[K]
X(t) ——p| 4-bit ADC |——» \ ——» i 16 ——> x[n]
: Data rate = F,
T Lowpass Decimate  Effective bits = 8
(average)

Sample @ 16x F,

USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Decimation and Filter Implementation

e Consider asignal that is sampled at 1M S/s, where we need to implement alowpass filter
with cutoff at 1kHz.

* A simple one-pole lowpass filter that meets this requirement would have the transfer

function
0.001

1- 0.999z

Wewould need adynamic range of 2000 to represent these filter coefficientsin a DSP
chip, implying at least 11 bits.

H(z) =

1

 However, if we reduced the sampling rate from 1M S/sto 10kS/s, the same 1kHz
lowpass filter would be implemented with the transfer function

0.1

H (Z) - =
1- 09771

 Weonly need adynamic range of 20 to represent the coefficientsof thisfilter, so we
could use a DSP chip with fewer bits.

 Wecould also use a much slower DSP to implement the same filter since data only
arrives every 100nt rather than every 1n®.

USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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The Decimation Process

« Decimating asignal by afactor M can be represented by the expression
y[n] =xM>n]
For example, if M =3then  Y[0] = X[0], y[1] =X[3], Yy[2]=X6], etc

 Anexample of decimating a sinusoidal signal by afactor 3 is shown below
Original Sequence
T16 18 20 2 A %

Il
T

Sequence Decimated by factor 3

Ll e
]

A
=]

4
5

1 2 3 4 5

* Notethat to avoid aliasing, we must obey Shannon’s sampling theorem after decimation.

USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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A
Decimation in Frequency Space

Decimating by a factor two splits the frequency space from DC to the original sampling

rate into two, with additional image spectra appearing about the new sampling rate. Note
that there is an implied reduction in sampling rate along with the decimation process
Spectrum of

Image spectrum when
original signal

Aliasing of decimated
spectral image

Aliasing of decimated
spectral image

Image spectrum at
decimated by 2 150K sample/sec

I
%, .l
1

I’ h]
I
| /A \
| ! \ |
;'rf] IE\-\ | j\_ﬂ-—-’;/ S xk | /;

Fsl
If the same signal were decimated by a factor three, the new spectrum would be

|
I I
112.5KHz

150KHz

Spectrum of
original signal

Image spectra when
decimated by 3

Image spectrum at
150K sample/sec

}|

|
i
i3
) \
I T
50KHz 75KHz 100KHz

Fs2

).

Jl
i

/!
5'1\\1
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150KHz
2X Fs2

Fsi
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Anti-Alias Filtersfor Decimation

» The decimation process can be thought of as the sampling of a discrete-time sequence.

 Anti-aliasfiltersare required prior to decimation in the same way they arerequired in
the continuous-time domain before sampling.

X[n] — \ ﬂ» lM — X{Mn]

Anti-alias Decimate

* In amulti-stage decimation system, anti-alias filters are required before every
decimation stage, regardless of what else is done to the signal.

Anti-alias Decimate Anti-alias Decimate

X[n] = H,[z] —> _\ - lMl T H,[z] _\ —» tMZ —> y2[|\/|2|\/|1n]
y,[M;n]

USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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Anti-Alias Filter Generic Requirements

 Theanti-aliasfilter isrequired to prevent aliasing when the original spectrum at sample-
rate #1 is down-sampled to sample-rate #2.

Spectrum of Image spectrum when Image spectrum at
anti-alias filter decimated to Fs2 sampling rate Fs1
/
/
lll/ \\
s \\\‘
I v I aan I > f
Fb Fs2 Fsi

 Morerelaxed requirements on the anti-alias filter slope that still avoid aliasing

Spectrum of Image spectrum when Image_spectrum at
anti-alias filter #2 decimated to Fs2 sampling rate Fs1

~

| | - = | > f
Fb Y Rs2 T Fst1
Fs2-Fb Fs1-Fb
USPAS*99 - Fundamentals of Digital Sgnal Processing Advanced Sampling Techniques - John Carwardine
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I nter polation

 TheM-point interpolator inserts M-1 zeros between each point in the original sequence

to generate a sequence with M times the original number of data points.
» A reconstruction filter smoothes out the values in the new sequence.

X[n] —

Fu

x[N/M]
>

\ > X[n/M]

Example

Interpolate

Reconstruct

Original Sequence

Sequence Interpolated by factor 3

N

Contents Top

R
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The original spectrum is not modified by the interpolation process (adding of zeros).
Image spectra that were originally about multiples of the sampling frequency will

appear in the baseband as a result of the interpolation process.
The reconstruction filter must remove these spectral images.

6/18/99
Frequency Domain View of Interpolation

Spectrum of Image spectrum at Fs2
Image spectra when
decimated by 3

origj}al signal /
’. j i. j

’ "‘\
'I \\\ ’/ y
/l' \\\ /,/" . //’
— I — I < —> f
Nyquist W, Nyquist W, W,
at Fsi1 ! at Fs2 2 3
w,=2p atFsl w,=4p atFsl w, =6p atFsl
w, =2p/3 at Fs2 w,=4p/3 at Fs2 w,=2p atFs2
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The APS Fast Orbit Feedback System

F. Lenkszus
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Topics

* Influences on Particle Beam Motion
* Feedback Algorithm
 The Regulator
» Hardware Configuration
* Rea-Time Beam Diagnostics
— Sliding Algorithms
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Influences on Particle Beam Motion

* Most of the sources of particle beam motion somehow affect the magnets that
guide the beam around the storage ring.

— Magnet power supply ripple directly modulates the magnetic field strength.
— Vibration of the guiding magnets

« Ambient ground vibration.

» Automobile traffic.

» Rotating machines (pumps, motors etc).

» Cooling water.

* Wind noise on the buildings.
— Thermal expansion/contraction of components in the storage-ring tunnel.
— Terresterial effects that change the shape of the storage ring

* Ocean swell.

e Lunar tides.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Betatron Oscillations

» Disturbances to the beam produce harmonic betatron motion.
 Regardless of the location of the disturbance, the entire orbit is affected.

= Faforence orbit
== Disturbed orbit

Disturbance —

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Distributed Nature of the Real-Time Global Orbit Feedback Algorithm

(corrector errors):

corrector.

R *>Dx=Dc

Inverse response matrix.

inverse response matrix

E
E

-
-

«  Each corrector ‘error’ becomes the input to one of the 38 independent feedback regulators

row 1 ] ‘
row 2 ] %)
| S
| e O
| >
' o
row 37 —] M
row 38 —] ‘
38 x 160 160 x 1

USPAS ‘99 - Fundamentals of Digital Sgnal Processing

Top

The ‘inverse response matrix’ maps orbit errors at the bpms to changes in corrector strength

Computation of corrector ‘errors’ is separated into a series of vector dot-products, one for each

The computation for each corrector requires the entire BPM error vector, but only one row of the

corrector 'errors'

38x1

Fast Orbit Feedback System - Frank Lenkszus
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Vector of bpm

Contents

positions
A

The Orbit Feedback Algorithm

Inverse Response

bpm errors

Matrix

o

Vector
Products

Vector of bpm
setpoints

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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corrector errors

/

——> Regulator

DC Setpoints
from EPICS

Corrector
Magnets
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Regulator
zZ+ a,(z-1
Corrector - a(z+]) > n(2- 1) » Kk +k 2 +k & 1l » To Corrector
Error (z- b) (z+b,) P 'S e
Low Pass ngh Pass PID
Filter Filter
Orbit Feedback Regulator
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Slave Station Flow Chart (One Axis)

)

(Wait for Clock Tick>

]

<Read 16 BPM Values From Hardware)

I

( Calculate BPM Errors )

]

CWrite BPM Errors to Reflective Memory>

]

(Wait for all Slaves to Write Reflective Memor)D

]

@ead 160 BPM errors from Reflective Memo@

!

< Calculate Corrector Errors >

!

@ass Corrector Errors through Regulat@

!

( Write New Corrector Setpoints )

!

(Write Computed Values to Reflective Memor@
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Fast Orbit Feedback System

Master Crate

Double-Sector Feedback IOC

Sample Clock
1 Turn-by-turn

4] rf BPMs
Corrector
Power ¢ Feedg?ctk 'Slave' <—-- NarrO\]/cv;BbspAdwidth
Supplies ation r S
-
te=ad  X-ray BPMs
from previous T to next
station Reflective Memory Network station
- _
Controls Network
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Horizonta

Fast Orbit Feedback System

from
Controls Network from low bandwidth
x-ray BPMs  1f BPMs
- i
y
Reflective 16-bit
68040 Memory XRI ADC
VME bus
C30 c40 | Vertical FSIC e Sample
clock
MIX bus MIX bus P2 bus
C30* C30* C40* C40* CMPSI MSI

* Not presently used

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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i

|

to correctors from rf BPMs

'Slave' VME Crate
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Fast Orbit Feedback System

Controls Network

v

USPAS ‘99 - Fundamentals of Digital Sgnal Processing

Contents Top

68040 Reflective FSIC [¢—sample clock
Memory
VME Bus

—l .

C40 Reflective

C40 C40 C40 C40 Memory*

PMC
* Future installation
Master Crate
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Operator Interface

SrFdbkGhbICont.adl

-0, 0035266

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Real-Time Beam Diagnostics

‘DSPscope’
— Simultaneous collection of 40 channels of time-domain data from bpms, correctors, or
regulator error signals.

— Data is provided as EPICS waveforms records.
‘AC Voltmeter’
— Simultaneous sliding Fourier transforms of 40 selectable data channels.
— Simultaneous sliding Fourier transforms of all 320 BPM channels in either plane.

Corrector Error Statistics

— Sliding estimates of the mean and variance of the corrector errors are computed at
each sample tick.

— Used to detect problems with the orbit feedback system itself and to detect BPM
problems.

Corrector Error History Buffer
— Maintain a circular buffer of the past 128mS of corrector errors.
— Used to detect and locate sources of unwanted beam motion e.g., following a beam
dump.
AC Lock-In Measurements

— Drive acorrector at some frequency (e.g. 83.3Hz), and measure only that frequency component
in the orbit response,

— Used for fast measurements of the response matrix.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Waveform Capture using ‘DSPscope’ '”AV/

StFdbkDigscopeCont.adl
SrFdbkDigScopeChan.adl
I—.- =2 B 38 |

o — = =
[

Mo messaze

e _Loa | Reset | Sioped
2 3| 8 8 5 ol
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Sliding Algorithms

 Theorbit feedback system is not well suited to algorithms that operate on blocks of
time-sequence data (e.g., FFT )

« Wehaveimplemented ‘dliding’ algorithms that use the latest data sample to update
previous results on each sample tick.

o Sliding Statistics

— The mean value is simply the output of alowpass I IR filter.
— The variance is computed from the instantaneous val ue and the mean value

latest sample —> IR » Mean
Lowpass
+ .
X2 |—» IR\ |—> Variance
Lowpass
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Variance Computation

e Mean:
x=L 8 yn a
== HI 7 =
N o =T (1- @)z}
— Computed by:
X[n] =ax{n]+ (1- a)X[n- 1]
 Variance:
s2=—1 & (qn- %
N-19
— Computed by:

s?=a(x[n]- X[n))*+@- a)s[n- 1°

— Square Root of s? (standard deviation) is computed in controls processor
 Mean and variance are computed at full feedback system sampling rate

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Sliding Algorithms (Continued)

o Sliding N-point Fourier Transform

— Updates the previous result from the difference between the latest sample and the
sample N points ago _ k
- 12p N
Yk[n] = Yk[n - 1]+ x[n]- {n- N]|e

— Theagorithm requires N sample ticks to compute an initial result, but thereafter
the result is updated on every sampletick.

X[n X|n-N
[ ]—> N-Deep FIFO [ ]

+ Y[n]
>
Y[n-1] -
! Z' B —
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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USPAS ‘99 - Fundamentals of Digital Sgnal Processing

Sliding DFT Derivation

Consider the N-point DFT cal qth;paIion for asingle DFT analysis frequency

X[Kl=a X1+ Wy =e N
Compute thé same component for the N points starting with the (n+1)t point

N-1
XK= a {l +n+1wW"

n=0

X [K] = Nézxn +n+WE + X1 +1+ N - WD Pull out (N-1)th term from S

N

n=0
N-2

' o n+ - -
XTkl=a Al +n+IW WK + X1 +1+ N - IWSW | factor out W,

n=0

Let p=n+1and observethat Wi =1
X[k =8 1+ PIWEOW, {1 + NI £ =8 (X1+ pIWEP )- X113+ + N
p=1 p=0 [}
Comparing sum term with the our expression for X[k], we can write:
XTKT = (XTK] - DWW+ X1+ NJW*
now let n=1+N
X K] =(X[K]- x{n- NJ+x{n])Wy"

The above equation shows how to update the DFT component, X[k], upon receipt of a

new sample of x[n]. Let Y [n] represent the " update of X[Kk], then:
Y[n+1 = (Y [n]- x{n- N]-+x{ )W,

Top

Fast Orbit Feedback System - Frank Lenkszus
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| mplementation of the 320-channel AC Voltmeter

e Four C40 DSPs are used to implement the 320-channel AC voltmeter, each operating on
80 BPMs.

« The DSP high speed serial ports are used to transfer control messages between the
processors, e.g., for arbitration of access to the reflective memory.

* The output of each channel is a magnitude or power (user selectable).

» A selectable channel is used as a phase reference for the other channels. The sign of the
magnitude is then chosen relative to the sign of the reference channel.

» The 320 results are available as an EPICS waveform and can be downloaded from the
feedback system at 2Hz.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Sliding Fourier Transform /'MV"’

(‘AC Voltmeter’)

o All 320 bpm channels are simultaneously Fourier analyzed at a chosen
frequency.

 One channel is used as a phase reference.
» Used with ‘AC-lockin’ measurements.

StFdbkDSPEEACY ol tmeter.adl

—= | Bz o

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Corrector Error Power-Spectrum

06 et | -
‘ (1 .
Relative Power ©°s.| N | /

200 N
Frequency (Hz) a0

15

2H}Storage-Ri ng Sector

« 1. Low frequency random noise from sextupole power supply with poor regulation.
e 2. Narrow-band source at 248Hz from oscillating corrector power supply.
e 3. Broadband noise caused by a bad bpm in sector 6 (not real orbit motion)

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Unused Slides Follow

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Fast Orbit Feedback System

»  System consists of 21 multiprocessor VME crates distributed around 1104 m storage-
ring
— 1 master crate and 20 slave crates
— Slave Crate Processors:
» 68040 based EPICS processor (controls interface)
e TI C40 Floating Point DSP (Vertical axis feedback)
o TI C30 Floating Point DSP (Horizontal axis feedback)

— Reflective memory network used to assemble and distribute error vectorsto all
DSPs

» Direct datafeed from BPM subsystem to each slave crate

» Direct “fast” connection to global correctors from each slave crate
e  System synchronously computes orbit corrections at 1.67 kHz

» Correctsglobal rmsorbit using 160 bpms and 38 correctors

» High passfilter rolls off frequency response below 20mHz (to mesh with work-station
based ‘slow’ orbit correction program)

» [Fast global orbit feedback system has been in production use since June 1997 and is
required to operate whenever user beam operations are in progress

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Slave Processor Utilization

* The present system uses two DSPs to perform global orbit correction in two planes at a
1.67 kHz rate.

— Ultimately there will be six DSP processors in each slave station that perform both
global and local correction.

 The two main processorare be staggered in time to reduce VME bus collisions while
reading bpm values from Reflective Memory.

Controls Network from x-ray bpms
68040 Reflective XRI
Memory
J VME Bus
R Ta
Global | co| | ! C40 | FSIC {[«—sample clock
|
I . | ! |
| T |
| MIX ! ! MIX | P2
I | ' : |
| |
Local || C30 C30 || || ca0 c40 | CMPSI MSI
| |
:_ Vertical Plane : : Horizontal Plane | i T
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Master Crate Hardware

 The master station has access to slave data over the Reflective Memory
network.

 One C40 DSP performs supervisory functions and implements some data
analysis functions.

 An array of four C40 DSPs is used for realtime data analysis.

A second Reflective Memory card (on PMC bus) will improve effective
throughput of the data analysis algorithms.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Synchronization and Data Sharing

BPM Error

vector
Heartbeat
vector

Loop On/Off

Data 'ready'
vector

re——e-
- aes e e

LT T L LT

Timing System
Feedback Clock
Y
P R Inverse
: Code Loop Position Data
I EPICS < - APS Controls
R Inverse Database Network
Position Data I
Sequence
DRAM —> Program
DSP Controls Processor
Slave Crate #1

-
Pt

\

<

A

Memory
Network

Reflective ==

USPAS ‘99 - Fundamentals of Digital Sgnal Processing

Contents Top

Fast Orbit Feedback System - Frank Lenkszus

26

Previous

Next



5/1/02 @
A

Synchronization

e After computing & writing bpm error values to reflective memory, each DSP sets
an assigned word in a ‘data ready’ vector in reflective memory.

 All DSPs “spin-wait” on the ready-vector becoming all ones, before proceeding
to read the entire bpm error vector.

A maximum wait-time prevents complete breakdown if one slave crate fails to
write its ready-vector.

 Each slave writes to a heartbeat word in reflective memory that is checked by
the master crate.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Timing the DSP Code

» For timing across multiple DSPs, we use a DAC output module. Each DSP
writes values to a different channel.

« The DSP’s on-board timer chips are used to time sections of code on individual

DSPs
»| Controls
Processor
DSP
Elapsed
Time
DRAM
—
Code | [Hardware]
Loop Timer
[ DAC
» (O W
po=------- i
i
[}
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Code Development

e Generd

— The DSP code is developed under Unix using the Texas Instruments TM S320 code
generation tools.

— Most of the codeiswrittenin ‘C’, with speed-critical functions written in C-
callable assembler.

— DSP Code is downloaded over the controls LAN from the control system file server
using SwiftNet tools that run on the VME controls processor under VXWorks.

 C Code Optimization

— We use compiler optimization where possible. This can cause unexpected behavior,
e.g., when the compiler rearranges code to minimize DSP pipeline conflicts.

« Debugging
— Rather that using extensive debugging tools, we have used reserved “test” locations

in dual access RAM on the DSP to pass debugging information to the VME
controls processor.

— This method has the little impact on the DSP algorithm and allows us to debug at
normal DSP operating speeds.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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Control System Interface

 The DSP operation is controlled and monitored through data structures residing in dual-
access RAM on the DSP board.

 Elements of these data structures are interfaced to EPICS process variables through

EPICS sequence programs. Since the process variables are control system entities they
are accessible by all the standard EPICS tools.

» A seguence program on the controls processor periodically scans the data structure and
deposits data such as BPM readings into corresponding process variabl es.

» A separate EPICS sequence program transfers local control information such as inverse
response matrix rows or BPM selections to the DSP resident data structure and sets a
flag commanding the DSP to load the new valuesinto its local SRAM.

 Global control parameters such as feedback loop open/close, filter cutoff frequencies,
etc., are delivered to the master station as process variables. Reflective Memory is then
used to pass these parameters to the slave stations.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Fast Orbit Feedback System - Frank Lenkszus
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« Design of a Digital Front End for the APS Beam Position
Monitor System
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fiber
transmitter

Existing System
BPM —* 2048 point averager
—* 2048 point averager
—* 2048 point averager
% 2048 point averager |
— 2048 point averager |
% 2048 point averager |
—* 2048 point averager
—* 2048 point averager
—* 2048 point averager
% 2048 point averager
% 2048 point averager |
% 2048 point averager |
BPM % 2048 point averager |
—* 2048 point averager
BPM —* 2048 point averager
—* 2048 point averager
BPM Local % 2048 point averager |
Intgrlf‘zce y 2048 point averager |
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fiber
receiver

Existing System

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

32 point averager

JI LI Ll L1111l ]1]]1]1

32 point averager
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Nature of the Moving Averager
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Frequency Response of the 32 Point Averager

—oo -
20 |ogQ H<e1j 2md 'T> D

a0 _
-50 |
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Sampling at 1.67 kHz

1 1
‘ H< 1j 2-n-f-T> ‘
05—
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Feedback’'s Response
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Second Stage Filter
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Second Stage Filter Response
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Combination Response of First and Second Stage Filters
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Filter Design

1 1
H(s) = "L 5
1+0.765($+s” 1+1.847[$+s

C= CO'[B’TE'irH Fr =1500, Fs =135500
0 FsO

0.00117768+0.00235536 % * +0.00117768% > E9.00113606 +0.00227212 % * + 0.00113606 [

H(z) =
(2) 1-1.94347473F%* +0.94818548 7 > 1-1.87478558%* + 0.87932983 % 2
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Cascade Form

0.00117768+0.00235536 % * +0.00117768 %> EQ.00113606 +0.00227212 " + 0.00113606 [ >

H(z) =

1-1.94347473%* +0.94818548(% 1-1.87478558%* + 0.87932983 % 2
H(2) = 1.3379%x107° +5.3516x10°° [ +8.027x10°° [z +5.3516x10°° (¥ +1.3379%x10°° [z ™*
1-3.8182[F%* +5.4711[% * -3.4865(% > +0.83372*
H(2)=H,(2)H,(2
H.(2) = 0.00117768+0.00235536% * +0.00117768[% > H.(2) = 0.00113606 +0.00227212 % * +0.00113606 [%
! 1-1.94347473%* +0.94818548[F% 2 2 1-1.87478558F%* + 0.87932983[F 2
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Difference Equations

H.(2) = Y,(z) _ 0.00117768+0.00235536 % +0.00117768 % >
! X,(2) 1-1.94347473% ™ +0.94818548 % >

(1-1.943474731* +0.94818548(% )Y, (2) = (0.00117768 +0.00235536 2 * +0.00117768 % 2 )X, (2)

Y,(2) —1.94347473[2 " [Y,(2) +0.94818548 2 2 [Y,(z) = 0.00117768 X, (2) +0.00235536 [ * [X,(Z) + 0.00117768 % 2 [X,(2)

y,[N] —1.943474730,[n 1] + 0.948185483/,[n - 2] = 0.00117768 X[ n] + 0.00235536 X [n — 1] +0.00117768 3,[n - 2]
y,[n] = 0.00117768 [n] +0.00235536 5 [n —1] + 0.00117768 X [n — 2] +1.94347473 [,[n —1] — 0.94818548 F,[n - 2]

y,[N] = 0.00113606 [, [ n] + 0.00227212 C,[n —1] + 0.00113606 [X,[ n - 2] + 1.87478558 /,[n — 1] - 0.87932983F,[n - 2]
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| mplementation of the Difference Equation

y,[n] = 0.00117768 [n] +0.00235536 [ [n —1] + 0.00117768 X [n — 2] +1.94347473[,[n 1] — 0.94818548 F,[n - 2]

x4[n]
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Direct Form |1

Y,(z) _ 0.00117768+0.00235536[%* +0.00117768 %>

Hl(z) = -1 -2
X,(2) 1-1.94347473 (% * +0.94818548 (%

Y,(2) = 0.00117768+0.00235536 2" + 0.00117768 %2 3 X,(2 _
1-1.943474730% +0.94818548

X,(2)

Y,(2) = 0.00117768+0.00235536 2" + 0.00117768(Z 2 (W,(2)  W,(2) = k! -
1-1.94347473[% * +0.94818548 %

y,[n] = 0.00117768[n] + 0.00235536 [h,[n —1] + 0.00117768 [ n - 2]

w[n] = x[n] +1.943474730[n —1] - 0.94818548 W[ n - 2]
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Direct Form |1

y,[n] = 0.00117768[[ n] + 0.00235536 [h;[n —1] + 0.00117768 [ n - 2]

w[n] = x[n] +1.943474730[n —1] - 0.94818548 W[ n - 2]

-0.94 x w, [n-2] P

19, w,[-1] h
N

T w, [n] 1 w;, [n-1] 4 | Wy[n-2]
X[l i i 0.0011 x X,[n-2] hlnl
N
7 0.002«x,[n-1]

>

0.0011x x,[n]
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Lab 1 - Sampling

Objectives

. Get started with the Matlab environment.

. Generate continuous-time sinusoid and sample it at different time intervals.
. Explore Shannon’s sampling theorem.

Helpful Sectionsin Mitra
. Discrete-time sequences: sections 2.1.3, and 2.1.4
. Sampling: section 2.3

Matlab Startup

. Log into the respective student account.

. Make a directory for your lab files, eg myfiles and CD to thisdirectory.

. Start up Matlab by typing pasmatlab. Thiswill bring up a command prompt where Matlab commands can be entered.
. Start up your favorite editor in a separate window.

Getting Help in Matlab
. At the command prompt, type help either alone, or with the name of a command (for example)

help
help plot
. To ingpect the contents of a program, type (for example)
type myfile
USPAS' 99 - Fundamentals of Digital Sgnal Processing Sampling L ab- John Carwardine
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Lab 1 - Sampling

Exercise 1
Using the editor, create a file in subdirectory myfiles called labl 1.m that contains the following Matlab code:

% Generate time vector
dt = 0.0005;
t =[0:dt:1];
% Pick afrequency in Hz
fc=5;
% Generatefrequency in rad/s
wc = 2*pi*fc;
% Generate sinewave
S1 = cos(wc*t);
% Plot it
subplot(2,1,1)
plot(t,S1)
set(gea,'ylim’ [-1.1,1.1]);
xlabel(' Time (sec)'); ylabel (' Amplitude')
title([' S1 = cos(2* pi*' ,num2str (fc),'*t)']);

From the Matlab prompt, type labl 1
Verify the frequency of the resulting sinewave plot.
Change the frequency to 20Hz and rerun the file lab1l_1.m to check the resuilt.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Sampling Lab - John Carwardine
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Lab 1 - Sampling

Exercise 2

Jﬁ?

Add the following code to the end of filelabl 1.m. to add a plot with a sampled version of the original sinewave

% Enter a sampling interval in seconds
T =0.015;

% Generatethe nT sequence

nT =[0:T:1];

% Generate the sampled-data sinewave
S1d = cos(wc* nT);

% Plot the sequence

subplot(2,1,2)

sem(nT,S1d);

set(gea,'ylim’ [-1.1,1.1]);
xlabel(' Time (sec)'); ylabel (' Amplitude')
title([' Sampled-data version of Slat T =',numz2str(T)]);

Experiment with afew different sampling intervals and sinewave frequencies. For each case you try, calculate the

appropriate discrete-time frequency wy in radians (per sample).

Ts= Sec fc = Hz Wy =
Ts= Sec fc= Hz Wy =
Ts= Sec fc= Hz Wy =

USPAS' 99 - Fundamentals of Digital Sgnal Processing
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Lab 1 - Sampling

Reset the continuous-time frequency to 20Hz. Determine the maximum sampling interval that does not violate
Shannon’s sampling theorem. Enter exactly this sampling interval into the code and examine the resulting sequence.

Max Ts= SEeC

Change the signal S1 from a cosine to a sine and re-run the code with the maximum sampling rate (there are three
lines in the code that must be changed ). Explain the differences between the sine and cosine results.

Enter a sampling interval that violates Shannon’s sampling theorem. Examine the resulting sequence.
Without changing the sampling interval, find two other continuous-time frequencies that result in the same discrete-
time sequence as this. [Hint: compute the discrete-time frequency and then add or subtract multiples of 2p]

Tsl= SeC T2 = Sec

Exercise 3
Pick a new continuous-time frequency. Calculate two sampling intervals such that the resulting discrete-time
sequences have period 20 with the longer sampling interval, and period 12 with the shorter sampling interval.

Tsl= Sec Ts2 = Sec

. Make anew programlab_1 2.m that is based on program lab_1 1.m so the continuous-time signal is comprised of
two sinusoids with different frequencies and amplitudes. Choose frequencies that are not harmonically related. Find
two sampling rates such that the resulting discrete-time sequence is identical for the two cases.

fcl= Hz fc2= Hz
Tsl= Sec Ts2= Sec
USPAS' 99 - Fundamentals of Digital Sgnal Processing Sampling L ab- John Carwardine
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LAB2-DFT LAB

DFT Lab
Objectives
* UseMatlab to compute DFT
* Determine Analysis frequencies
» Determine frequency content of asignal
» Usedifferent sampling frequencies - observe DFT output
e Compare signal to noise ratio as # of pointsin DFT is increased
* Apply awindow - observe results
* Investigate effect of “zero stuffing”

You will be given afile 'dataFile.bin’ to analyze with the DFT. This file contains about 200 msecs of a sampled
signal. The signa is sampled at IMHz (.001 millisec sampling period). The signal contains a number of frequencies.
The primary goa will be to identify the frequency components contained within the signal. We will sample the
original signal at 5, 10 and 20 kHz and compute DFTs. We will confine our analysis to the first 100 millisec of the
input signal.

Question: Given that our sample interval (record length) is 100 ms, how many points will our input sequence contain
for the sampling frequency 5kHz? 10kHz? 20kHz?

Question: What will be our DFT resolution (DFT bin size) at SkHz? 10kHz? 20kHz?

Question: Given the input file step size is 0.001 millisecs, compute the interval in input file steps between successive
samples to achieve a 5kHz samplerate. 10kHz? 20kHz?

OK- time to start processing data. We will be using milliseconds ard kHz as our units.

Use the editor of your choice to create afile called *dftLabl.m’. We will edit thisfile and run it in Matlab to do the
anaysis.

Oncein matlab, you can type the contents of you file if you wish with >>type dftLabl.m

USPAS ‘99 - Fundamentals of Digital Sgnal Processing DFT Lab- Frank Lenkszus
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LAB2-DFT LAB

. Add the following lines to your file to read the input signal into a vector ‘Sig’ and define the input file time step size
and the length of the time record we will be using

M="Hit any key to continue’;
clear;
fid=fopen('dataFile.bin’,'r");
Sig=fread(fid,inf,'"double');

fclose(fid);
dt=.001; % datafile sample period in millisecs
T M ax=100000;

. The following lines set the interval between samples of the input signal, Sg, and deposit the samplesinto Ssig
SInt=200; % Interval between samples
SSig=Sig(1:SInt:TMax); % samplethe original sequence
T=dt*SInt; % sample period (millisecs)

. Compute the analysis frequencies
N=length(SSig); % length of our discrete signal
fs=1T, % sampling frequency
df=fs/N; % frequency resolution
f=[0: df :fs-df]; % analysisfrequencies

Title=sprintf('% d-point DFT with Rectangular Window',N);

USPAS ‘99 - Fundamentals of Digital Sgnal Processing DFT Lab- Frank Lenkszus
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LAB2-DFT LAB

. Save your file and type the following:
>>dftL abl
>>f % list DFT analysis frequencies
. Now we're ready to compute our first DFT. Add the following to dftLabl.m
X=fft(SSig);
Xmag=abs(X);
plot(f,Xmag);
title(Title);
xlabel(' Frequency kHZ');
set(gca,'yscale','log');
disp(M);
pause;
. Reminder, you can aways type help in Matlab for aMatlab function: example: >>help fft

. Run dftLabl again, you should see a graphical window pop up withthe DFT of the input sequence. Y ou should
observe severa strong lines. Y ou will now determine the frequercies of these lines or tones. Our original input
sequence was a real sequence (not complex valued). Therefore, what can you say about the upper half of the DFT
output (above half the sampling frequency)?

. Determine the frequencies of the lines below half the sampling frequency. To do this use the ‘canned’ Matlab
procedure ‘ listDFT’. Type help listDFT in your Matlab window to learn what this function does. Add the following

lines to dftLabl.m:
[F.X,I]=listDFT(f, .4, .1, Xmag);
[F.X] I NO SEMICOLON
USPAS ‘99 - Fundamentals of Digital Sgnal Processing DFT Lab- Frank Lenkszus
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LAB2-DFT LAB

. The added lines will list the frequencies and DFT values from 0.3kHz to 0.5kHz.

Jﬁ?

. Y ou can use the zoom in/out feature of the plot window (the magnifying glasses with the ‘+' (zoom in) and ‘-’ (zoom

out) to ‘blow up’ aregion of the plot to determine what to plug into ‘ listDFT".
. Run dftLabl

. From the output record the frequency of the line near 0.4kHz. Zoom in on each peak to get a frequency range to plug
into listDFT and rerun the last two lines to determine the frequencies of all the peaks below 1/2 the sampling
frequency. Record your results below. You may not find as many frequencies as there are sots slots listed below:

fg =

. From now on we're going to use the Matlab procedure ‘dftProc’ to save some typing.
. Add the following lines to dftLabl.m to sample the original inpu sequence at 10kHz.

disp(M);
pause;
SInt=100; % Interval between samples
SSig=Sig(1:SInt:TMax); % samplethe original sequence
T=dt*SInt; % sample period (millisecs)
[Xmag,f]=dftProc(SSig,' rectangular’,T);

. Run dftLabl

USPAS ‘99 - Fundamentals of Digital Sgnal Processing
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LAB2-DFT LAB

. Use listDFT to determine the frequencies of the peaks in DFT output and record the results below. (Again, you may
not observe as many frequencies as there are places to record results)

f,=

. Add the following lines to dftLabl.m to sample the original input sequence at 20kHz.
Snt=50; % Interval between samples
SSig=Sig(1:SInt:TMax); % samplethe original sequence
T=dt*SInt; % sample period (millisecs)
[Xmag,f]=dftProc(SSig,' rectangular’,T);
. Run dftLabl, record the observed frequencies below (use listDFT again)

f,=
f,=
fy=
f,=
fs =
fe =
USPAS ‘99 - Fundamentals of Digital Sgnal Processing DFT Lab- Frank Lenkszus
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LAB2-DFT LAB

. Compare your results. What can you say about the frequencies you measured with the 3 sampling rates?

. Y ou probably observed 5 distinct tones in each DFT. Some observed frequencies disappeared and new ones popped
up. Copy the results from your 20kHz DFT below and indicate which observed (measured) frequencies you think
reflect the true values in the original input signal and which observed frequencies you suspect are aliased.

Value @ 20kHz fs Alias (YesNo)
f, =
f, =
fy=

. Rerun dftLabl. This time record the peak amplitude of the line rear 1.4 kHz and an estimate of the average noise
level. Record the results below:

Peak value  AveNoise ratio

5kHz
10 kHz
20 kHz
USPAS ‘99 - Fundamentals of Digital Sgnal Processing DFT Lab- Frank Lenkszus
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LAB2-DFT LAB

. Now we're going to repeat our DFT calculations with a window applied to the input sequence. We'll use the
Blackmanwindow. Add the following lines to dftLabl.m for SkHz:

SInt=200; % Interval between samples
SSig=Sig(1:SInt:TMax); % samplethe original sequence
T=dt*SInt; % sample period (millisecs)

[Xmag,f]=dftProc(SSig,'blackman',T);

[F.X,I]=listDFT(f, 1.4, .1, Xmag);

[F.X]

disp(M);

pause;
. Repeat the above lines for Snt = 100, 50 to repeat for 10kHz and 20kHz
. Run dftLabl

. For each of the sampling frequencies observe the region near the 1.4kHz line. Do you see a new line appear? If so,
record it’s frequency (you can use the 20kHz plot results)

Frequency of line adjacent to 1.4 kHz line -
. Give an explanation of why you didn’'t observe this line using the ‘rectangular’ window.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing DFT Lab- Frank Lenkszus
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LAB2-DFT LAB

. Add the following lines to dftLabl
% investigate zer o stuffing

SInt=50; % Interval between samples

T M ax=200000;

SSig=Sig(1:SInt:TMax); % samplethe original sequence
T=dt*SInt; % sample period (millisecs)
[Xmag,f]=dftProc(SSig,' rectangular’,T);

SInt=200; % Interval between samples

TM ax=100000;

SSig=Sig(1:Sint: TMax); % sampletheoriginal sequence
T=dt*SInt; % sample period (millisecs)

[Xmag,f]=dftProcZS(SSig,'rectangular’,T, 3500);

. The first 5 lines compute the DFT with 20kHz sampling over a 200 millisec interval. What will be the number of
sample points? What will be the DFT resolution? The last five lines sample the input at 5kHz for 100 millisecs. 3500
zeros are appended to the sequence before computing the DFT. What will be the apparent DFT resolution? Run
dftLabl

. Examine the region near the 1.4 kHz line for both cases. Do youthink you see the small 1.458 kHz tone in either
DFT output? Comment on whether or not adding 3500 zeros to the 5kHz DFT improved the effective resolution?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing DFT Lab- Frank Lenkszus
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Lab 3 - Discrete-Time Systems

Objectives
Generate impulse response and step response from difference equations and transfer functions
Plot the frequency response of atransfer function or difference equation
Plot the pole/zero locations of atransfer function

Helpful Sectionsin Mitra

Impulse and step responses: Section 2.4.2
LTI Systems: sections 2.5.5
Frequency response: section 4.1.1

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete-Time Systems L ab - John Carwardine
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Lab 3 - Discrete-Time Systems

Exercise 1
Using the editor, create afile called lab3_1.m that contains the following Matlab code:

% Generateimpulse and step sequences
N = 20;
n=[0:N-1];
dn=[1; zeros(N-1,1)];
un =ones(N,1);
% Numerator and Denominator of transfer function to be studied
% Notethat [a,b,c,d,...] represents‘a + bz*-1+cz*-2+d"-3+...’
Num=[1,1,1,1];
Den =[1];
% generate and plot the impulse response
Simp = filter(Num,Den,dn);
subplot(2,1,1)
sem(n,Simp);
xlabel('Sampleindex'); ylabel (' Amplitude')
title('l mpulse Response of System’);
% generate and plot the step response
Sstep = filter (Num,Den, un);
subplot(2,1,2)
stem(n,Sstep);
xlabel(' Sampleindex'); ylabel ( Amplitude’)
title(* Step Response of System’);

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete-Time Systems L ab - John Carwardine
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Lab 3 - Discrete-Time Systems

. Write down the transfer function and difference equation for the system described by the numerator and denominator
vectors in this program.

H[Z] = y[n] =

. How does the impulse response compare with the transfer function numerator and denominator?

. Isthisan FIR or IR system?

. Can you determine the DC gain of this system from the analysis so far, and if so, what is it?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete-Time Systems L ab - John Carwardine
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Lab 3 - Discrete-Time Systems

Exercise 2
. Change the numerator and denominator vectors in the file so they represent the following difference equation

y[n] =0.125x[n] + 0.125x[n - 1] +1.75y[n- 1] - 0.85y[n- 2]
. Write down the transfer function of this system.

H[z] =

. Plot the impulse response and step response. Change the value of N if there are not sufficient points plotted to get a
good representation of the impulse response.

. IsthisFIR or IIR?

. What is the DC gain of this system?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete-Time Systems L ab - John Carwardine
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Lab 3 - Discrete-Time Systems

. What can be inferred about this system from its step response?

. Will the high frequency gain be higher or lower than the DC gain?

. Will any particular frequencies be amplified?

Exercise 3
. Make anew filenamed lab_3 2.m.
Add codeto thefilefromlab_1 1.mand lab_3 1.min order to do the following:

Generate a discrete-time sinewave of frequencyW  that can be specified in the file.

Set up adiscrete-time transfer function with numerator and denominator from Exercise 2.

Use the filter command to generate and plot (stem) the time-domain response to this sinewave.
Adjust the frequency of the sinewave until you find the peak of the response.

Max gainisat w = rad

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete-Time Systems L ab - John Carwardine
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Lab 3 - Discrete-Time Systems

Exercise 4
Use the following Matlab command to plot the frequency response of our transfer function
freqz(Num,Den);

Compare the plotted frequency response with the results obtained in Exercise 3.
The transfer function we have been examining is of the general form

1

az ~snwg

H[z] =

2,-2

1- 27 1coswd +az
which has a damped sinusoidal impulse response of the form
h[n] =a"sin(nw,)

Compute the values of @ and W 4 for this particular transfer function. Does the value of W 4 you computed line up
with experimental results from Exercise 3 and from the frequency plot in Exercise 4?

Compute a new transfer function that has a 1/e decay time-constant of 100 samples and a resonant frequency of 0.05
periods / sample. Re-run the impulse, step, and frequency response plots.

H[z] =

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete-Time Systems L ab - John Carwardine
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Lab 3 - Discrete-Time Systems

Exercise5
Compute the locations of the poles and zeros of our transfer function.

Zeroisat z= Polesareat z = ,and

Use the following Matlab command to plot the pole- zero locations. Verify your calculations with the plot. Note that
you can zoom in by dragging a box with the mouse (right mouse button returns to last plot).

zplane(r oots(Num),roots(Den));

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Discrete-Time Systems L ab - John Carwardine
7

Contents Top Previous  Next



4/30/02 @
”XMH‘“/ }

Lab 4 - FIR Filters

Objectives
Use the Matlab command firl to design a lowpass and bandpass FIR filter with different windows.
The signal from Lab 2 will be used as atest signal.

Helpful Sectionsin Mitra
Idedl filters: Section 7.7.2
Window functions: Section 7.7.4
FIR filter design in Matlab using windows : Section 7.9.3, starting at the bottom of page 483.
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Lab 4 - FIR Filters

Exercise 1
. Start a new file readSignal.m. Add the following lines from Lab 2 to read in the vector Sig, and sample it at interval

Sint to generate the sequence SSig. We will be using a sampling interval of 50nS.
fid=fopen('dataFile.bin’,'r");
Sig=fread(fid,inf,'doubl€’);

fclose(fid);

dt=.001; % data file sample period in millisecs
TM ax=100000; % end of sampling record

Snt=50; % Interval between samples
SSig=Sig(1:SInt:TMax); % sampletheoriginal sequence
T=dt*SInt; % sample period (millisecs)
N=length(SSig); % length of our discrete signal
fs=UT; % sampling frequency

df=fs/N; % frequency resolution

f=[0: df :fs-df]; % analysisfrequencies

. Run this program to read the signal SSig and associated variables in to the Matlab workspace.

. Start another new file called lab4_1.m and add the following code to generate the DFT of SSig using the Blackman
window.

fftWin = blackman(length(SSig)):
X=fft(Ssig .* FFtWin):
Xmag=abs(X);

USPAS ‘99 - Fundamentals of Digital Sgnal Processing FIR Filter Lab - John Carwardine
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Lab 4 - FIR Filters

. Run program lab4 1 and verify the presence of the tones that were studied in Lab 2.

. We will now generate an FIR lowpass filter. The objective will be to filter SSig so that the tones around 1.4kHz
remain, but all tones above that are attenuated.

. Based on the frequencies of the tones, determine the frequency corresponding to the upper edge of the filter passband,
and that corresponding to the lower edge of the stopband. The transition band width of the filter will be the difference
between the two. First calculate the frequencies in Hz, and then compute the corresponding discrete-time frequencies
that will be needed to design the filter.

Passband cutoff: fp = kHz, Wp = rad
Stopband cutoff: fs= kHz, Ws = rad
Trangition band width: df = kHz, dw = rad

. We will use the Matlab command fir 1 to generate the filter coefficients. This uses impulse response truncation (IRT)
with windowing.

. First we must estimate the length of the filter from the chosen window function and the transition band width in
radians. We will initially use the rectangular window.

. Add the following code to the end of lab4 1.m:

Wp = ##H#, % *** Add your valuefor Wp here ***
W's = ###; % *** Add your value for Wshere***
dW = Ws- Wp;
L =fix(4*pi/dW-1)+1;, % computefilter order (length = L+1)
win = boxcar (L +1); % compute rectangular window of appropriate length
USPAS ‘99 - Fundamentals of Digital Sgnal Processing FIR Filter Lab - John Carwardine
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Lab 4 - FIR Filters

. We are now ready to design the filter. The fir1 routine requires the window values and the passband cutoff
(normalized to the Nyquist rate), and returns the impul se resporse of the FIR filter.

. Add the following code to the end of 1ab4 1.m to design the filter

Wn = Wplpi; % thefirl routine requiresthe cutoff between 0-1 (1=Nyquist)
Num = fir 1(L, Wn,win); % Num isthe impulse response of our filter with passband cutoff Wn
Den =1; % thisisan FIR filter, so the transfer function denominator is unity.

. Add the following code to filter the signal and generate the DFT of the resulting signal SSigF.
SSigF = filter (Num,Den, SSig);
Xf=fft(SSigF.* fftwWin);
Xfmag=abs(Xf);

. Add the following code to plot the unfiltered and filtered signals together on the same graph
plot(f,[Xmag Xfmag]);
title('FFT of Unfiltered and Filtered Signal');
xlabel(' Frequency kHZ'); ylabel(* Amplitude of FFT’);
set(gca,'yscal€e','log');
legend(' Unfiltered','Filtered',3)

. Now run the completed lab4 1 program and examine the results.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing FIR Filter Lab - John Carwardine
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Lab 4 - FIR Filters

. What is the max stopband attenuation the filter gives (in dB)?
Max stopband attenuation = dB

. Are there any artifacts evident in the filtered noise spectrum? (eg ripple from filter stopband response)

. How much was the 1.4kHz line attenuated (in dB)
Attenuation = dB

. What is the length of the filter (ie the number of coefficients)?

. Plot the impulse response and frequency response of the filter using the filter and freqz commands from Lab 2. Are
they what you expected? Explain.

. What can we do to improve the effectiveness of this filter?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing FIR Filter Lab - John Carwardine
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Lab 4 - FIR Filters

Exercise 2

. We will now examine the filter performance with different window functions in place of the rectangular window we
used in Exercise 1.

. Modify lab4_1.m to replace the rectangular window with a hamming window. This will require the following code
L =fix(8pi/dW-1)+1; % computefilter order (length =L+1)
win = hamming(L +1); % compute rectangular window of appropriate length

. Why did we have to modify the filter length computation as well as the window function calculation?
. Re-run the code and examine the results.
. What is the filter length this time?

. Is this a better filter than that designed with that designed with the rectangular window?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing FIR Filter Lab - John Carwardine
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Lab 4 - FIR Filters

Exercise 3

. Modify lab4 1.m to replace the rectangular window with a Blackman window. This will require the following code
L =fix(12*pi/dW-1) + 1; % computefilter order (length = L+1)
win = blackman(L +1); % compute rectangular window of appropriate length

. Re-run the code and examine the results.
. What is the filter length this time?

. Compare the performance of this filter with that of the other two filters.

. Plot the first 200 points of the filtered and unfiltered signals using the commands
plot([Ssig(1:200), SSigH1:200)])
title(* Unfiltered and Filtered Signals);
xlabel(* Sample Index’);
legend('Unfiltered’,'Filtered',3)

. Comment on the relative phase of the two signals.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing FIR Filter Lab - John Carwardine
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Lab 4 - FIR Filters

. Modify the length of the filter. For example, try 2x the calculated length, and 0.5x the calculated length. How does
this affect the performance of the filter?

Exercise 4

. We will now design a bandpass filter that rejects all tones except the 4kHz tone. The maximum signal level in the
stopband should be at least 20dB below the noise level in the passband.

. For this filter, there will be four critical frequencies and two transition regions. In a similar manner to Exercise 1,
determine the two transition band widths and passband cutoff frequencies.

Passband lower cutoff: fpl= kHz, Wpt = rad
Stopband lower cutoff: fsl = kHz, Wa = rad
Lower transition band width: dfl= kHz, dwl = rad
Passband upper cutoff: fp2= kHz, Wp = rad
Stopband upper cutoff: fs2 = kHz, We = rad
Upper transition band width: df2 = kHz, dw2 = rad

. We will need the narrowest of the two transition bandwidths to determine the filter length, and the two passband
frequencies to design the filter itself.

Narrowest transition band width: dw = rad
Passband cutoff: frequencies Wp = rad, Wpz = rad,
USPAS ‘99 - Fundamentals of Digital Sgnal Processing FIR Filter Lab - John Carwardine

8

Contents Top Previous  Next



4/30/02 @
”XMH‘“/ }

Lab 4 - FIR Filters

. The same basic code will be used to generate the bandpass filter. The firl routine designs a bandpass filter in place of
alowpass filter if it is supplied with two passband cutoff frequencies. We will also return to the rectangular window.

. Copy lab4_1.mtolab4 2.m and modify the following lines in the new file

Wpl = ###H#; % *** enter your valuefor lower passband cutoff here***
WS = ###, % *** enter your valuefor lower stopband cutoff here***
dW1l=Wpl- Wsl, % make sure of the order, we need a positive number!
W2 = ##H; % *** enter your value for upper passband cutoff here***
W2 = #i##, % *** enter your value for upper stopband cutoff here***
dW2 =Ws2 - Wp2; % make sure of the order, we need a positive number!

dW = min([dW1,dW2]);
Wn = [WplWp2]/pi; % Thisisthe frequency vector that will be given to firl

L =fix( 8 pi/dW-1)+1;, % computefilter order (length = L+1)
win = hamming(L +1); % compute rectangular window of appropriate length

. Run the new code and discuss the results.

. What is the length of this filter?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing FIR Filter Lab - John Carwardine
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Lab 4 - FIR Filters

. Did the filter meet the requirements?

. If not, change the passband and stopband frequencies, and/or the window function until the requirements are met.
Describe the parameters you used in the final filter design.

Bonus Exercise

. Copy lab4 1.mtolab4 3.m.

. We will replace the FIR filter designed using fir 1 with an FIR averager and compare its performance.

. Choose afilter length that was used in the earlier exercises, and replace the expression for L and Num with
L = ###, % *** enter your filter length here ***
Num= 1/L * ones(L,1); % coefficientsfor the FIR aver ager of length L

. Run the new program and compare the results with that obtained using fir 1. Try different length averagers and discuss
your results.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing FIR Filter Lab - John Carwardine
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Lab5-1IR Filters

Objectives
Design alowpass and bandpass FIR filter using impulse-invariance and bilinear transformation.
Design IIR notch and comb filters to eliminate harmonically related signals.
The signal from Lab 2 will be used as atest signal.

Helpful Sectionsin Mitra
- lded filters: Section 7.7.2
Impulse invariance method: Section 7.2
Bilinear transformation method: Section 7.3
Digita notch filters: Section 7.4
IR Filter design using Matlab: Section 7.9.2
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Exercise 1
. We will be using the same signal and sampling rates that were used in Lab 4.
. Run the program readSignal.m from Lab 4 to read in the signal SSig and associated variables into the workspace.
. Start another new file called lab5 _1.m and add the following code to generate the DFT of SSig using the Blackman
window (as before)
fftWin = blackman(length(SSig));
X=fft(Ssig .* fftWin);
Xmag=abs(X);
. Run program lab5 1 and verify the presence of the tones that were studied in Labs 2 and 4.
. We will now design an IR lowpass filter that meets the same objective as the filter in Lab 4, that is to filter SSig so
that the tones around 1.4kHz remain, but al higher tones are attenuated by at least 40dB. We will be designing a
Butterworth filter to achieve this objective.
. First we need the transfer function of an analog prototype filter.
. We need to determine the order of the filter and the cutoff frequency based on the requirements. This can be done by
hand using the techniques described in the lecture, or we can use the canned Matlab routine buttord which requires
the passband and stopband frequencies and the required attenuation. It returns the filter order and the appropriate -3dB
cutoff frequency.
. Use the same original choices for passband and stopband cutoff that we used before. Only the continuous-time
frequencies are required this time. We also need the acceptable passband droop at fp, and the attenuation at fs. The
stopband attenuation is given to us, but we must choose a passband droop
Passband cutoff: fp=_  kHz Droop=_  dB
Stopband cutoff: fs= kHz Attenuation=__ 40 dB
USPAS ‘99 - Fundamentals of Digital Sgnal Processing IR Filter Lab- John Carwardine
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Lab5-1IR Filters

. The order and cutoff frequency can now be determined. Add the following code to lab5 1.m

Fpass = ###, % *** add your number for the end of the passband in kHz ***
Fstop = ##H#; % *** add your number for the start of the stopband in kHz ***

Rp = #####; % *** add your number for the passband droop (" rippl€") in dB ***
Rs = 40; % stopband attenuation (" ripple") in dB from design spec

% computethefilter order (the's tells Matlab we want the continuous-timefilter)
[N,Wn] = buttord(2*pi* Fpass, 2*pi*Fstop, Rp, Rs,'S);

. The analog filter can now be designed using the Matlab function butter. This function will actually design a digital
filter directly, but only using the bilinear transformation. Since the objective is to compare two design methods, we
will design the analog filter and then convert it to the digital domain.

. Add the following lineto lab5_1.m
[NumA ,DenA] = butter(N,Wn,'s); % returnsthe Laplace-transform coefficients

. Run the program lab5_1 to generate the analog filter coefficients. Generate a bode plot of the frequency response and
step response using the following Matlab commands.

bode(NumA ,DenA);
step(NumA ,DenA);

. We are now ready to generate the discrete-time filter. First let’s use the impul se- invariance method.

. Add the following code to lab5 1.m
[NumD ,DenD] = impinvar(NumA ,DenA fs); % fsisthe sampling frequency in kHz
SSigF = filter (NumD ,DenD,SSiQ);

USPAS ‘99 - Fundamentals of Digital Sgnal Processing IR Filter Lab- John Carwardine
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Lab5-1IR Filters

. Finally, add the following code to the end of lab5_1.m to plot the two DFTs (same code as lab4 _1.m)
Xf=fft(SSigF.* fftWin);
Xfmag=abs(Xf);
plot(f,[Xmag Xfmag]);
title('FFT of Unfiltered and Filtered Signal');
xlabel('Frequency kHZz');
set(gea,'yscal€e','log');
legend(' Unfiltered','Filtered',3)
. Run the completed lab5_1 program and examine the results.
. Write down the attenuation at the nearest frequency in the stopband, and the attenuation of the 1.4kHz line

Passband droop = dB Stopband attenuation = dB
. Does the filter meet the specification?

. What is the length of the filter (numerator and denominator)?

. How does the performance compare with the FIR filters designed to do the same job?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing IR Filter Lab- John Carwardine
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Lab5-1IR Filters

. Plot the frequency response and step response of the digital filter using the following Matlab commands
fregz(NumD ,DenD)
dbode(NumD ,DenD ,fs); % remember the sampling rateisin kHz, so the scale will be too!
dstep(NumD ,DenD);

. Both freqz and dbode produce frequency response plots of the discrete-time system. What is the difference between
the two commands?

. Now let’s generate the discrete-time filter from the same analog filter but using the bilinear transformation.
. Modify linesin program lab5 1.m that generate the digital filter transfer function to the following

[NumD ,DenD] = bilinear (NumA ,DenA fs);

. Re-run the program and examine the results.
. How does the bilinear transform response differ from the impulse-invariance method?

Exercise 2

. Now let’s use the elliptical filter prototype instead of the Butterworth filter. Modify the code that generated the analog
filter prototype to the following

[N,Wn] = ellipor d(2* pi* Fpass,2*pi* Fstop,Rp,Rs,’ S );
[NumA ,DenA] = dlip(N,Rp,Rs,Wn,’s’);

. Re-run the bilinear and impulse invariance methods and compare results with the Butterworth filter.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing IR Filter Lab- John Carwardine
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Exercise 3

Using lab5 2.m as atemplate, change the objective to removing the 8kHz tone, but leaving all other tones including
the 7.1kHz tone. The acceptable tolerance is again 1dB in the passband and 40dB attenuation.

Use the elliptical filter prototype, and the impulse-invariance method to design the digital filter. Examine the
performance, and in particular, check the level of attenuation in the stopband. Is this as good as expected?

Now use the bilinear transformation to make the same filter. In this case, verify the location of the passband cutoff
relative to that expected from the design. Did the filter meet the requirements?

The frequency scale of the filter can be pre-warped by giving bilinear another parameter, which is the frequency at
which we want an exact match. Th e following command line is required:

[NumD ,DenD] = bilinear (NumA ,DenA ,fs,Fmatch); % Fmatch isthec-t frequency to match

Install this version of the routine, using the edge of the passband as the matching frequency. Does the pre-warped
filter meet the design specifications?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing IR Filter Lab- John Carwardine
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Lab5-1IR Filters

Bonus Exercises

. Repeat the bandpass filter design from Lab 4, but generating an |IR filter with either a Butterworth or elliptical analog
filter prototype.

. Try adifferent analog filter prototype. Matlab provides bessel, and both chebyshev filter types.

. What are your observations about the performance of FIR filters versus IR filters? Consider the level of
computational effort involved with actually implementing either filter in real hardware.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing IR Filter Lab- John Carwardine
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Lab 6 - Word Length Effects

Objectives
Investigate effect of coefficient quantization on pole/zero location, frequency response and impulse response of a
filter
Investigate word length effect on the transient response of afilter
Investigate word length effects on the signal to noise ratio of afilter
Create afile named WrdLenLab.m
Add the following lines:
% Word Length EffectsLab
clear;
Ms="Hit any key to continue';
num=[0.125 0.125];
den=[1-1.750.85];
w=[0.00001: pi/512: pi];
The num and den are the numerator and denominator coefficients of our filter H(z). w is a 512 length vector of radian
frequencies from O+ to p. (We have to avoid O for w to avoid problems later). )
H(2) = 0.125_(11+ z7) _
1-1.75z2 +0.85z

Write down the difference equation for H(z). We'll use that later.
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Lab 6 - Word Length Effects

Add the following lines to plot the poles and zeros, frequency response and impulse response of H(z)

[Z,P,K]=tf2zp(num,den);
zplane(Z,P);
disp(Ms);

pause;
F=fregz(num,den,w);
plot(w, abs(F));
set(gca,'yscal€e','log');
axis([03.5.01101));
disp(Ms);

pause;
dimpulse(num,den);
disp(Ms);

pause;

Run WrdLenL ab. Y ou should see a pole zero plot, frequency response plot and finally an impul se response. Record
the values of the zeros (Z) and the poles (P). Y ou can do this by typing Z followed by areturn and P followed by a
return.

Zexros:

Poles:
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Lab 6 - Word Length Effects

. Now we'll investigate the effects of quantization on the coefficients of H(z). First we will quantize the coefficients by

rounding to the nearest value alowed by our selected number of bits. We'll use the function QuantizeR to quantize
the coefficients with rounding. Do a help QuantizeR in matlab to see what this function does.

. Add the following lines of code to WrdLenLab.m

% quantize coefficients (Rounding)
N=5;
numgr=QuantizeR(hum,N,2,-2);
dengr=QuantizeR(den,N,2,-2);
[Zgr,Pgr,K]=tf2zp(numqgr,denqr);
zplane(Zqr,Pqr);

disp(Ms);

pause;
Fqr=freqz(numqr,denqr,w);
plot(w,abs(Fqr));
set(gca,'yscal€e','log');
axis([03.5.01 1001]);

disp(Ms);

pause;

dimpulse(numqr,denqr);
disp(Ms);

pause;

. The calls to QuantizeRwill quantize num and den to 25 (32) values between 1.75 (2 - one LSB) and -2.
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. Run WrdLenLab This time you will see the pole zero plot, frequency response plot and impulse response of H(z)
with coefficients quantized to 5-bits.

. At the matlab prompt type numgr <CR>, denqr<CR>, Zgr<CR>,Pgr<CR> to display the numerator coefficients,
denominator coefficients, zeros and poles. (CR> denotes ‘Returri). Record the results:

. Numerator coefficients Denominator coeffiecients

. Zeros Poles

. How did they change?

. How did the Impul se response change?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Word Length EffectsLab - Frank Lenkszus
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. Now we'll repeat the same experiment. This time we'll use the function QuantizeT which will quantize values with
truncation instead of rounding. Type help QuantizeT at the matlab to see what this function does.

. Add the following lines to your matlab file:
% quantize coefficients (Truncation)
N=5;
numqgt=QuantizeT(num,N,2,-2);
dengt=QuantizeT(den,N,2,-2);
[Zqt,Pqt,K]=tf2zp(numqt,denqt);
zplane(Zqt,Pqt);
disp(Ms);
pause;
Fat=freqz(numaqt,denqgt,w);
plot(w,abs(Fqt));
set(gca,'yscal€e','log');
axis([03.5.011001]);
disp(Ms);
pause;
dimpulse(numqt,denqt);
disp(Ms);
pause;

. RunWrdLenLab
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. Y ou should have noticed a dramatic difference in al the plots. At the matlab prompt type numgt <CR>, dengt <CR>,
Zqt <CR>,Pgt <CR> to display the numerator coefficients, denominator coefficients, zeros and poles. Record the

results:
. Numerator coefficients Denominator coeffiecients
. Zeros Poles

. How did they change?

. How did the Impulse response change and frequency change?

. Explain what happened? Would you call this system “stable”?
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. Finally add the following to your file to display all three systems on one plot. (Y ou can skip thisif you feel you're
short on time).

zplane([Z; Zgr; Zqt],[P, Par, Pat]),
title("All poles and zeros);
disp(Ms);

pause;

plot(w,abs(F),'b',w, abs(Fqr),'d’ ,w,abs(Fqt),'r");
title("All impulse responses));
set(gca,'yscale','log');

axis([03.5.01 1001]);

disp(Ms);

pause;

dimpulse(num,den);
hold on;
dimpulse(numqr,denqr);
dimpulse(numqt,denqt);
hold off;

. Run WrdLenLab
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Lab 6 - Word Length Effects

. WEe Il now investigate the effect of word length on the impulse response of our filter H(z). In this exercise, not only
will the transfer function coefficients be quantized, but the all multiplies will also be quantized

. Start a new file called WrdLenLabl.m
. Insert the following lines:
% Word Length EffectsLab
clear;
Ms="Hit any key to continu€'’;
num=[0.125 0.125];
den=[1-1.750.85];
Max=2;
Min=-2;
Steps=70;
x=[10];
y=[000];
Out=[];

. WEe'll use the same transfer function as before (num, den). x is our input and y is the filter output. Filter outputs will
be accumulated in Out. x isinitidizeto ‘1’ to act as a discrete impulse in.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Word Length EffectsLab - Frank Lenkszus
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. Now add the following lines of code:
for | = 1:Steps,
xpl=num(1)*x(1);
Xp2=num(2)*x(2);
yp2=-den(2)*y(2);
yp3=-den(3)*y(3);
y(1)=xpl+xp2+yp2+yp3;
Out=[Out y(D)];
X(2)=x(1); x(1)=0;
yR)=y(2); y(2=y(1);
end
plot(Out);
title(' lmpules Response (Non-quantized)');
disp(Ms);
pause;
. The “for” loop calculates the impulse response by iterating through the difference equation for H(z).
. Run WrdLenLabl. Y ou should see the impulse response without quantization effects.
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. Now add the following lines:

% rounding

Steps=70;

Bits=9; % Change thisto specify # of bits

ng=QuantizeR(num,Bits,Max,Min);

dg=QuantizeR(den,Bits M ax,Min);

x=[10]; y=[000];

Out=[];

for | = 1:Steps,
xpl=QuantizeR(ng(1)*x(1),Bits,Max,Min);
xp2=QuantizeR(nq(2)*x(2),Bits;M ax,Min);
yp2=QuantizeR(-dq(2)*y(2),BitsMax,Min);
yp3=QuantizeR(-dq(3)*y(3),Bits,Max,Min);
Y(1)=xpl+xp2+yp2+yp3;
Out=[Out y(D)];
X(2)=x(1); x(1)=0;
y(3)=y(2); y(2=y(1);

end

end

T=sprintf(' mpulse Response - Quantized to %d bits (Rounding)', Bits);

plot(Out);

title(T);

disp(Ms); pause;
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Lab 6 - Word Length Effects

. Add the following aso

%truncation

Steps=70;

Bits=9; % Change thisto specify # of bits

ng=QuantizeT(num,BitsMax,Min);

dg=QuantizeT(den,BitsMax,Min);

x=[10];

y=[000];

Out=[];

for | = 1:Steps,
xpl=QuantizeT(nqg(1)*x(1),BitsMax,Min);
xp2=QuantizeT(nq(2)*x(2),BitsMax,Min);
yp2=QuantizeT(-dq(2)*y(2),BitsMax,Min);
yp3=QuantizeT(-dq(3)*y(3),Bits,Max,Min);
Y(1)=xpl+xp2+yp2+yp3;
Out=[Out y(1)];
X(2)=x(1); x(1)=0;
y(3)=y(2); y(2=y(1);

end
T=sprintf(' mpulse Response - Quantized to %d bits (Truncation)', Bits);
plot(Out);
title(T);
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Word Length EffectsLab - Frank Lenkszus
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Lab 6 - Word Length Effects

. That was alot of typing, but now you should be able to see some interesting effects. We' ve added two ‘for’ l1oops.
The first added for loop evaluates the difference equation with rounding while the second one evaluates with
truncation. “Bits’ specifies the number of bits to quantize to. Run WrdLenLabl. You'll see Three impulse response
plots: 1) Unquantized 2) Rounding 3) Truncation.

. Run WrdLenLabl
. Note differences you observe.(9-hits)

. Now edit your file and change Bits from 9 to 8 (two places) and rerun. Write your observations:

. Now edit the file and change Bits to 16 (two places) and rerun. How do things look now?

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Word Length EffectsLab - Frank Lenkszus
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Lab 6 - Word Length Effects

. Now we Il investigate word length effects on afilters output signal to noise ratio. Open a new file called
WrdLenLab2.m

% Word Length Effects Lab
clear;

Ms="Hit any key to continue’;
fid=fopen('dataFile.bin’,'r");
Sig=fread(fid,inf,'doubl¢’);

fclose(fid);

dt=.001; % datafile sampleperiod in millisecs
TM ax=100000; % end of sampling record
SInt=20; % Interval between samples
SSig=Sig(1:SInt:TMax); % samplethe original sequence
T=dt*SInt; % sample period (millisecs)
N=length(SSig); % length of our discrete signal

fs=1UT, % sampling frequency

df=fs/N; % frequency resolution

f=[0: df :fs-df]; % analysisfrequencies

num=[0.125 0.125]; % filter H(zZ) numerator
den=[1-1.750.85]; % filter H(z) denominator

Max=12; % Max value for quantization
Min=-12; % Min valuefor quantization
Bits=12; % Number of bitsfor quantization
USPAS ‘99 - Fundamentals of Digital Sgnal Processing Word Length EffectsLab - Frank Lenkszus
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Lab 6 - Word Length Effects

. The lines you just added read in our signa file and sample it every 20 samples. Knowing our step size on our input
signal is.001 millisecs, what sampling frequency does taking every 20th step correspond too? num and den specify
the numerator and denominator of the H(z) that we' ve been using. Max, Min and Bits specify that we'll be quantizing

with 12 bits over arange of £12.
. Now add the following lines:
% No quantization
[Out Xmag]=filter Diff(SSig,num,den,BitsMax,Min,T);
% rounding
[Out Xmag]=filter DiffQR(SSig,num,den,BitsMax,Min,T);
% truncation
[Out Xmag]=filter DiffQT(SSig,num,den,BitsMax,Min,T);

. The lines make calls to Matlab functions we've provided to pass our signa through the filter without quantization,
with quantization with rounding and quantization with truncation Do help on each of the routines in your Matlab
window to get an explanation of each. Run WrdLenLab2. Be patient as the routines take some time to complete.

. For each case, you should see a plot of the filtered input signal followed by the DFT of that signal. Describe any
differences you see between the three cases:

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Word Length EffectsLab - Frank Lenkszus
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Lab 6 - Word Length Effects

. Y ou should have observed differences in the noise level between the two quantized cases and the non quantized case.
. Now we'll repeat the experiment with 8-bits. Edit your file to change Bits to 8;ie,

Bits=8; % Number of bitsfor quantization
. Rerun your program. Note any differences you see below:

. Y ou should have seen a considerable increase in the noise level in the DFTs for the 8-bit case. Also, the filtered
output for the rounding case appears to have a higher peak-to-peak value than the 12-bit case. The filtered output for
the 8-hit truncation case has a much higher peak-to-peak value and a significant DC shift. Y ou should also be able to
see a significant increase in the noise level of the 8-bit truncated case over the 8-bit rounding case.

USPAS ‘99 - Fundamentals of Digital Sgnal Processing Word Length EffectsLab - Frank Lenkszus
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Preparatory Material for “Fundamentals of Digital Signal

Processing”
A. Eulers Formula
cost] = eld 4 i ing = eld _ g i
2 2]
B. Converging Power Series
Given any real or complex valuex, where|x| < 1
¥
1
—= é X< =14 x+x2+x3+x #x0 4.
1- X k=0
C. Continuous-Time Delta-Function

The delta function d(t) is defined by the expression
N
Ood (H)dt=1

Itisaninfinitesimally narrow pulse that has unit area. The function is zero except att = 0. Also
note that given a continuous-time function f(t), and a constant a,

6¥¥f (t)d (a)dt = f (a)

D. Review of Partial Fraction Expansions

Any rational polynomial with denominator degreeM and numerator degree N (with M > N) can
be separated into asum of M rational polynomials each with degree less than M.

Bl Xq(9= ol =2 4 3
s2+3s+2 S+l s+2

B2 Xo(S) = 1 _ 05 _O.25+0.25

(s+1)%(s+3) (s+12 S+l s+3

The method is shown in the examples that follow.

Non-Repeated Roots

Consider the following function of s, where a is a constant
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1

()= (1+axs)xs

The partia fraction expansionis

Y=t k= A LB 0

l+axs s l1+axs s

In equation (1), A and B are constants. First, find the constant B by multiplying both sides of (1)
by afactor s.

1 1 A B
SXY(S) = SX——— X =Sx——— + Sx—
l+axs s l+axs €

Thisreducesto

sXY(s) = 1 =Sx A +B
l+axs l+ax

The A term can be eliminated and B determined by setting sto zero. Inthiscase, B = 1.

Tofind A, we multiply both sides of (1) by the factor (1+a.s) to give

(L+ax0) % (8) = (L+axs) x—— = (L+axs) x— + (1+ax5) <
l+axs s l+ax S

Thisreducesto

(1+ @) R(5) = — = A+ (L+ass)e @

Since we already know that B = 1, equation (2) can be further reduced to

1+a:s
+

<

<

}:A
<

The A coefficient can now be found by setting s= 1, giving A = -a. The partial fraction expansion
of Y(s) istherefore

Y(s) = 1 r__-a 1
l+ax s l+ax s
Repeated Roots

When the denominator of the function to be expanded contains repeated roots, the approach
described above must be dlightly modified. Consider the function

Y =—
(1+s)“ q1+2s)
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The partial fraction expansion will be of the form

1 A, B C
Y(s) = = + + 3
© 1+5)2x1+25) 1+s (1+g)? 1+2s ©

The constant C can be found as before, by multiplying equation (3) through by the factor (1+25)

Y(s) = (1+25) 1 _(1+2s,)><i+(1+2s)xi+(1+2s)xL

(1+85)% x1+29) 1+s (1+9)2 1+2s

Settings=-1/2 givesC=4.

The B constant can be found by multiplying equation (3) through by the factor (1+s)?

Y(S)=(1+S)2>’ 21 = 1+s)2xi+(1+s)2xi+(1+5)2xi
(1+8)° X1+ 29) 1+s (1+5)? 1+2s

Settings=-1, resultsin B=-1.
Tofind A, we must plug in the values we have aready found for B and C,
1 A -1 4
= + +
(1+9)2X1+2s) 1+s (1+5)2 1+2s

Y(s)=

Since the equality must hold for all values of s, we can pick any value that makes the expression
easy to solve. Picking s= 0 gives

The partial fraction expansion is therefore

1 -2 -1 4
+

Y(s) =
(1+s)2>(1+25) 1+s (1+5)? 1+2s
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E. Review of Laplace Transforms
The Laplace transform is defined in equation (1).
F(s) = L[f(t)] = ¥c‘)f (t) xS xdt (1)
Wheres=s + jwr;\r(;dj =01

Associated with the Laplace integral isaregion of convergence (ROC). Not all integrals converge
for al values of s. This can beillustrated with an example.

Consider the expression f(t) = €. The Laplace transform integral is
¥

F(s) = ¢ e ¥ xdt
-0

giving

¥ ¥

N - Y - 1 - ¥
C?at x@ st th — G(a s)t )dt - >e(a s)t
I s a-s -0

) 1 .
When't = -0, the expression —— xe®@ " reducesto

a-s a-s

When't = ¥, the value of EESWIE! depends on the value of s.
a-s

Sinces=s + jw, g@-9t = g@a-s- Wt — g@-$)t yor Wt gy o int — coswt) - j >sin(wt) , then the

. 1 ) . 1 ) .
expression —— xe@ 9" can be rewritten as —— @) Jcos(wt) - j>sin(wt)].
a-s a-s

Aslong as s isgreater than a, then the expression reducesto O whent = ¥ and the integral
converges. When s is greater than a, the integral is said to be within its region of convergence
(ROC). Whileit is necessary to recognize the existence of the ROC, in practical systemsitisrare
that it must be taken into consideration. From here on, the Laplace transform is always assumed
to beinitsregion of convergence.

The Laplace transform of f(t) = € isthen
1
LI f(t)]=L|e"|=——
[fo]=Lle]=

Equally, in most practical situations, atable of elementary transforms allows solution of most
problems. Laplace transforms of some common functions of t follow

Page 4 of 15
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Laplace Transforms of Elementary Functions
f(t) F(s) f(t) F(s)
d(t) 1 sin(w %) w
1 s®+w?
! s cos(w %) s
‘ 1 s®+w?
<2 txain(w x) 25W>S
e nl (32 +W2)
Snlﬂ t>COS(W >¢) 5% - w?
T
1 e *>sinw t) w
txe (s+ay (s+a)* +w?
nl e * >cos(w %) s+a
t" xe @ sra)™ (s+a)’ +w?

Properties of the Laplace Transform

A table of important properties of the Laplace transform appears below.

Property Timefunction Laplacetransform
Linearity a, xf, (t) +a, xf,(t) a, Xk (s) +a, xF,(s)
s-shifting e * xf (t) F(s+a)

Time shifting f(t-T)q(t-T), T30 e xF(9)
s-differentiation (time scaling) tsf(t) % F(s)
Time differentiation % f(t) s*F(s)- f(0-)
t
Convolution G(t-t)>u(t ) >dt H(s):U(s)
0
t
Timeintegration of t)>dt @
o S

By way of illustration as to how these properties might be derived, the Laplace transform of time
domain differentiation can be shown asfollows

éd o %d ]
Lz— f(t)o= A f (1) % xdt
St ()H _o—odt (t)
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This can be rearranged to give

éd

L
&alt

0" ¢ d
f(t)H__%p x Tt @)

Integration by parts statesthat Cu>dv = u>v - cv>du.

Set v=f(t), then dv=df(t):%f(t)>dt.

Setu=¢€*%, then du:de'S‘:%e'sUdt.
Equation (2) then becomes

& g (1)t = e xf (1) of St
F - o O g

Now, € ¥ xf (t) reducesto zero at t = ¥ within its region of convergence, and reduces to f(0-)
whent = 0.

And ge‘St =-sx¥ s
dt

¥

¥
&% xf (t)f0 - of (t)X%e'S‘ xdit =0- f(0-) +sx)f (t) % * it
-0 -0

¥

of () > * xdt isthe definition of the Laplace transform from equation (1), so
-0

¥

0- £(0-)+sxQf (1) ¥ xdt = sxF(s) - f(0-)

éd L U_ oo oo
La FOg="F @ F©-) 5)

Where f(0-) istheinitial condition.

System Representation using L aplace Transforms

Consider the RC circuit shown in Figure 1.
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Vi(t) vo(t)

Figure 1. RC Circuit

Theinput to the circuit isthe voltage V, () and the output is v, (t) . Using ohm'slaw v, (t)is

related to V, (t) with the equation v, (t) = v, (t) - i(t) XR. Where i(t) =C v d( ) . Thisresultsin
the differential equation (1).
V() = v (1) - Roc xe® (1)
dt
which can be rearranged as (2)
V() =V, (t) + RxC d"d(t) @

The Laplace transform is used to solve equation (2).

dv (t) u

L[v, ()] = L& it f

v(t)+R>C

&"°
The Laplace transformed is

V() =V, (5) + SRC X, (9) 3

This can be re-arranged into atransfer function H(s), given by

Vi) . 1
V,(s) 1+sxR>C

H(s) = (4)

This can be rearranged into aform that is easily inverse-transformed.

H(s)=—RC (5)

The impulse response of this system is obtained by taking the inverse Laplace transform of H(s)

Page 7 of 15
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¢ 1 u
e u
ht) =L YH(g)]=L t6—RC =_1 o t/RC
gee 1 +89[:| R>C
SRC o

The inverse transform of the transfer function appearsin (6). Thisisthe solution to the
differential equation in (2) and isimpulse response h(t).

1
h(t) = e t/RC 6)

The transfer function can be convolved with the unit step in (7) to determine the step response.

1 1
Y(s)=H(s)U(S) = ————* 7
() =H(S(9) = oo ™

The inverse Laplace transform is found through partial fraction expansion as shown earlier to
give equation (8).
Y(S):_—l__+} (8)

& 16 s

¢S+ -

e RxXg

The inverse Laplace transform of (8) isthe step response, y(t) which appearsin (9).

€ u

é a A1 ¢
Lify(g]= L6t g2

%5%+ 1 gg &sH

g R<Cg
Leading to
y(t)=-e"* +1 ©)

By way of example, assume that R= 1KWand C = 10 nf. Then (10) describes the step response
of thecircuit in Figure 1.

y(t) - _ e—t/0.0l +1 (10)

The step response is plotted in Figure 2.
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y(t)

|
0 0.05 0.1

t
[seconds]

Figure 2. Step response.

The capacitor C in Figure 1 may have an initial voltage acrossit, v, (0) . In such a case, the
L aplace transform from equation (3) would be rewritten with the initial conditionin (11).

Vi(8) =V, (9 + RIC s, (9)- v, (0)) (1)

Equation (11) can be manipulated as follows to form equation (12).
Vi(8) =V, (8) + SXR*C ¥, (s) - R>C %, (0)

Vi(8) =V, (s) {1+ xR >C) - R>C %, (0)

Vi(s) + RXC %, (0) =V, () {1+ sXRxC)

V(9 RC(0) _
1+sxR>xC  1+sxRxC

Vo (9) (12)

If Vi(s) = U(s) = Vs = the unit step function, then Y (s) = Vi(s) and (12) becomes

1 x1+ R>C>v0(0):Y

—_— (s) (13)
1+sxRxC s 1+sxRxC

The first term of equation (13) has already been inverse Laplace transformed in (8) and (9). The
inverse Laplace transform of the second term can be added to (9) to form y(t) in equation (14).

¢ 1 é y
L_léR>C XVO(O)@: R>C % (0) xl_.1§ RxC l:I: R>C »v,(0) ><L‘1§ 1 l:I:V (t) g /RC
&1+ sxR>C f ° s L i R>C 6 1 i
& =~ +sl €~ +sU
eRxC a eRxC a
y(t) = - e VR +1+ v (t) e VFC (14)
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A more complicated RC circuit appearsin Figure 3.

R1 R2

vi(t) Cl~

C2 7~

vo(t)

Figure 3.

Thecircuit is converted to the s-domain in Figure 4.

R1 vi(t) R2

+
Z1 Z3

vi(t) 1/sC1
z2

1/sC2 A4~
VA

vo(t)

Figure 4. s-domain circuit.

May 13, 1999

An equation for V,(s) can be generated using the fact that the current flowing through R2 must
equal the current flowing through C2.

Vi(8) - Vo (8) =V, (8) G,

Vi(s) =V, (s) X1+ sxR, xC,)

The currents are summed at the node Vy(s).

Vi(s) - Vi(s) _Vu(9) - Vi, (9)

R

R,

Equation (14) is substituted into (15).

Vi() - Vo (s)° A+ 8> R, >C,) _ Vo (8)°(1+S°R,°C,)) - V, (9)

(14)

+V,(9)%°C, (15)

R

This equation is rearranged in the form of the transfer function H(s).

H(s) = S

R,

1

+V,(9) XL+ 3R, 5C,) x>C,

V(9 1+ S3RC, + R, °C, + SR 3C, + :R 3C, 3R, °C,

Assume that R; = 1000 W, R, = 2000 W, C, = 100 n¥, and C, = 100 nf, then the transfer
function reduces to equation (16).

Top
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1
H(s) = 16
(s 1+ 0.7 xs + 0.04 x? (16)

The magnitude (frequency) response of H(s) can is plotted in Figure 5 by substituting s = jw.

| H(G w)| o5 -

| |
0 5 10 15 20
w
2p
Frequency [Hz]
Figure5

The impul se response can be calculated by taking the inverse Laplace transform of equation (16).
First, the equation is rewritten as a partial fraction in equation (17).

_ 1 _ 25
H(S)_ 2 2
1+0.7x+0.04 xs 25+175%x+s

-1.74 1.74
H(s) = +
(s+15.93) (s+1.57)

(17)

The impul se response h(t) can be found from the partial fraction expansion of equation (17) with
the inverse Laplace transform

& -174 U 6 174 0
A +

L*H(s)|=L 7 A———1
Feo) &s+1593)f  &s+157)

h(t) = - 1.74xe % +1.74xe " (18)

The impul se response from equation (18) is plotted in figure 6.
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h(t)

Figure 6.

May 13, 1999

The step response is the convolution of the impul se response from equation (18) with unit step
function. This can be done by multiplying the transfer function from equation (16) with the

Laplace transform of the unit step function (1/s).

1
1+ 0.7 xs + 0.04 x<?

Y(s) =

1
x=
s

Y(s) can be expressed as a partial fraction expansion.

0.1093 -1.1093 1
+ +=

Y(s) =
(s+15.93) (s+157) s

The step response is found by taking the inverse Laplace transform of Y(s).

_ ,€é 01093 O, ,€-1.10930 , ,él0
LY(9]=Lla— g+ Lla—— g+ L&y
&(s+15.93) 3  &s+157)5  &sH
y(t) =-0.1093%e ** +1,1093> " +1  (19)
s
Yo
0 | |
0 2 4
t
[seconds]

Figure 7. Step response
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F. Fourier Series Representation of Periodic Functions
Any periodic function f(t) can be represented as a weighted sum of sines and cosines

¥
f(0)=2 20+ & (an cos(mugt) +hy sin(wigt)
n=1

where the a and b coefficients are computed by integrating the following expressions over one
period of f(t)

75

an =$ Of (Y cos(nwpt)dt  n=0123...

T2
72

b, = 2 Of (O sin(nwgt)dt n=2123...
Tor
V2
and

2p
Wo = —
077

The Fourier series (Complex Form)
An alternative representation using complex frequency is

¥ .
)= &cne!™
n=- ¥

where the ¢ coefficients are again computed by integrating the following expression over one
period of f(t)

T

cn== f (e ™ n=0£14243,

T

and
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G. The Fourier Transform

The Fourier transform of anon-periodic function x(t) is defined as
¥

X(jw) = ox(te Mt
- ¥

The inverse Fourier transform is computed as

1 ¥ -
X(t) Y OX (iw)eMdw
- ¥

The following table shows graphically the Fourier transform pairs of some elementary functions

Table of Fourier Transform Pairs

x(t) «—> X(w)
d(t) 1 1
T
t f
0 0
1 d(f) 1
t T f
0 0
1 Ut
----- T T T T T T T-“" H -"“T T T T T T T-““
0 ! BT -2M-UT 0 UT 2T 3™ f
sin(w,t) 1]
t o t
0 w,
\/ _1/2jl 0 °
cos(w,) 2 2
/\ «—>
t t
/ 0 W, 0 w,
! sn( Tw) 2T
wiz 12T
t f
T 0 T 0
n(wt) ow 1
pt
12w
/ t f
0 W 0 w

Several important properties of the Fourier transform are shown in the following table.
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Table of Fourier Transform Properties

Property X(t) X(w)
Linearity axq (t) +bxo (1) aXq(w) +bX5(w)
Duality X(t) -X(W)
Convolution X(t) * w(t) X(W)W(w)
Time-domain Product X(t) w(t) X(w) * W(w)
Time Shift X(t- to) e W X (w)
Frequency Shift elWelx(t) X(W - wg)
Differentiation ? JwX (w)
Multiply by t tx(t _EdX(W)
ultiply by x(t) o
1
Time Scaling x(at) ﬁ X(w/a)
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May 13, 1999

Preparatory Problems for “Fundamentals of Digital Signal
Processing”

Problem 1

Using the Euler relationship, show that
3w

. . . i
1+e W4 12W 4 13 =2e * 2 [cos(3w/2) +cosw/2)|

Sketch the magnitude and phase of the above expression for therange 0 =w = p.

Problem 2

Find closed-form expressions for the following infinite series wherex is a complex variable.
Write down the radius of convergence for x in each case.

a F(x)=1- x2ext- xB4x8o

b) F2(x):1+ix'1+}x'2+:—Lx'3+—x +o
2 4 8 16

9
- X - X
0) F3(x):1+ge 2" Ag3x 8 007 10 ax
3 9 27 81

Problem 3

Sketch the Bode plots for the following Laplace transforms. Identify magnitude and phase values
at critical frequencies:

0.2 628
H(s)=—+
9 (s) s s+314
-4
) H(S):(3.18>10 S-;l)
(0.531s+1)
Problem 4

Three circuits comprise no more than one each of an inductor, a capacitor, and aresistor. Five

Laplace transform pole-zero plots, Bode plots, and step responses are al so shown.

a) For each of the three circuits, match the appropriate pole-zero plots, frequency-response
plots, and step responses.

b) Write down aLaplace transfer function for each of the five pole-zero plots.

1 1 1
| | |
Vi(t) 1”— Vo) Vi(t) 1 Vo(t)
| | | |
Circuit A Circuit B Circuit C
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Pole-Zero Plots

Freguency-Responses

20log|H(f)| v 20log|H(f)| 20log|H(f)| 20log|H(f)| 20log|H(f)|
t » log f > logf + > logf > logf » log f
1 2 3 4 5
Step Responses
IVO(t) l V(1) l V(0 A v, V(1)
t t t ﬁdr t t
1 2 3 4 5
Problem 5

Using partial fraction expansion, find the inverse Laplace transforms, h(t), of the following
Laplace transfer functions

1
9 HE=— \
s>{sz+2>s+2)
241
C) H(s) = " \ [Hint: divide out the constant term first]
sx{s +2>s+2)
2
s“+1
9 HE=——2
(s+2)
N[O E——

(s- 1°4s+2)
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Problem 6

Show that the coefficients for the complex Fourier Series representation of the waveform shown
in Figure P1 are:

Co=—,
0™ T

=———, nto
T nWO(V
2
X(t)
A
T T2 -di2 dr2 T2 =t
Figure P1

Problem 7
Show that the Fourier Series of aperiodic train of impulses (shown in Figure P2) isgiven by :

ft)y=g d(t- nT)
is:

f(t)=1+gé¥_ cos(nw t)
T T °

n=1

-2T T 0 T 2T

Figure P2
Two methods should be used to show this;

a) Usethe basic definitions of the Fourier Series representation with the sine/cosine form.
b) Compute the Fourier Series of the function g(t) shown in Figure P2a.
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1/2

-2T 2T

—
o
—

-1/2

Figure P2a
Using

72

bn:$ Of Hsin(mwgtydt  n=123...

T

to obtain

¥
g(t) = & by sin(nwot)
n=1

Then use the fact that the derivative of g(t) itself is given by

d 1§
a(g(t))—- ;+n3 i(t- nT)

Problem 8
Show that the Fourier Transform of:

-d/2 dr2

Figure P3
Isgiven by

sin(wd/2)

XUw)y=d=a2
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Problem 9
Show that the Fourier Transform of

g(t) = x(t) cos(w,t)

is
. 1. . 1. .
G(JW):EX(JW' JWo)+§X(JW+JWo)

where X (jw) isthe Fourier Transform of x(t)

Problem 10

Using the results of Problems 8 and 9 show that the Fourier Transform of the windowed cosine
function shown in Figure P5 and described by

_j cos(wqt) %Etﬁ%

X(t)_% 0 t<djt>d/]

Figure P5
Isgiven by

_ d sin((w - wg)d/2) L dsin((w +wg)d/2)
2 (w-wg)d/2 2 (w+wg)d/2

X(jw)
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Problem 1

May 13, 1999

Answers

el _a'b-l .-;3.3'“"

fanpituds 1 Phase o l+ e +8 €

*%

_absfcas(3ur1) 4 cas (/2 )]
4
£
'I‘F-‘ o 1 e — —
i .
= & 1.
3
'\};_ a 1:r ~'rr" h n-.l" r -"}w
¥ G -!1 \\-“_ 1 ]-r i P
1@5:1413
. L&
- il ————— my
3
&
R
= 4
Problem 2
1 .
a) Fi(x) = 5 Radius of convergence x| <1
1- jx
1 . 1
b) Fo(X) = — Radius of convergence |X >§
1-
2X
0) Fa(x) = 1 Radius of convergence x| >Zlogeé?—?9
5 X 3 &3y
1- Ze?
3

Top
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Problem 3
a)
4ge
B a4e |-
e
g + b
2 =
gﬁ i
=
=i
ot |

& P T T T T

Frequean, (He)

b)
Mis) = 3fe-ttsal
(o-s715 41)"

i

p‘hun;‘l‘un‘g (i)

1o

FI"E'I_..Gnna (H‘{J
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Problem 4

Circuit A: pole-zero = 3, bode = 2, step =4
Circuit B: pole-zero =4, bode=5, step=1
Circuit C: pole-zero=1, bode=1, step=5

Transfer functions from pole-zero plots:
2

s“+s+1
Hi(s) =———-—
s(s+1)
s(s+1
Hz(S):—Z( )
s“+s+1
1
Ha(s) =
3(s) ]
S
Ha(s)=—
s“+s+1
S
H =—
5(9) i1
Problem 5

V2 & .0

a) h(t):%+7e't><cos<;—+t+=é+—2e

ed g

b h(t)=d(t) + % " % et 5{5cog(t) + sin(t)]

0  ht)=e?- e +gt2 e 2
d) h(t):}t2 >et+£t>et— iet+ie'
3 9 27 27
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