Frequency

Introduction to sampling theory and Fourier transforms
-- Digital Fourier transform

- Cross correlation function

- Auto correlation function

- Parseval’s theorem

Accelerator characteristic frequencies
* RF frequency

* Bunch frequency

* Revolution frequency

» Sampling frequency

» Betatron frequencies

» Synchrotron frequency

* Line frequencies

Instrumentation
Spectrum Analyzer
Vector voltmeter
Vector Signal Analyzer
Network Analyzer
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Simple Sine Wave
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Simple Sine Wave Spectrum

V(F)

Y .

Fo= — Frequency
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“Simple” Sine Wave Spectrum
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“Simple” Sine Wave Spectrum
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Straight Digital
Fourier Transform
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Hanning window
Fourier Transform
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FFT of zero-padded
data set (512 vs. 257
samples)
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F/F,

Hanning Window,
Zero-padded
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F/Fg




The Cross-Correlation Function

Used for radar range finding:

Transmitted Signal x(t) : >
Time

Delay At >‘

Received signal y(t) (x1000) : WWMWWW

Correlation I',(t) : J\/W\/N _

ray(T) = IOO X(t)y(t + 1) at }4 >{

—® At
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White Noise

Noise Signal One x(t) : AP Aot b bl

Uncorrelated Noise Signal Two y(t) : bbb bt

Cross-correlation I',(t) = O, (by definition of white noise)
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Autocorrelation of White Noise

Noise Signal One x(t) : AP gt s e b

Copy of Noise Signal One x(t) : AP Lt ot

Autocorrelation function I'xx(t) = ﬁ’oox(r)x(rﬂ)dt = Const. % 5(t)
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Xq = x(tn), th

Yo = Y(t,),  t,

Cross-correlation

: 1
Autocorrelation Iy, (m) = N

I'«(0) =

Beam Stability at Synchrotron Light Sources

Sampled Data

nA\, n==a01223, ... N-1
A = Sampling period

nA, n==01223, ... N-1

IN-1
lyM= 5 X XYn+m
nN=20
N-1 5
2 *n*n+m = X 0OO®mo Forrandom noise
nN=20
1 N-1 5
N 2 OXan = [XO ingeneral <---
n=

= mean square signal

(it's square root is the rms signal)
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Discrete Fourier Transform Pair

N-1 -
1 211 nk/N k
nN=0

"~ \a

= 21, k=01...(N=1)

K
N’

_ 1
Nyquist Frequency fc - ﬁ

N-1 -
_ =21 nk/N _ _
x(tn) = xn = Zoxke t, = na, n=20123 ...(N=-1)
1N-1
Note: Xo= § 2 *p = < x>, the mean value of the signal x,
n=0

Note: X, and X, have the same dimensions
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DFT of Cross-correlation

N-1 i

1 21 nk/N x

Rxy(k) = N 2 I'xy(n)e = X Yk
n=0

DFT of Autocorrelation

N-—1 -

1 21 nk/N «

Ra(k) = =5 Ta(n)e = X X=X |2
n=20
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Parseval’'s Theorem

iN-1 o5 N-1 5 | |
<x%> = | = s X" = 3 X = Mean-square signal amplitude
N n k
n=0 =0
, N-1 2 ) N-1 2
= Xo° + s ‘Xk‘ =< X>%+ S ‘Xk‘
k=1 =1
N-1 2 2
<x%>-<x>2 = 3 ‘Xk‘ = The variance O'X ,
=1
Can also be written* 0, =the Standard Deviation
N-1
2 1 2
O'X = N >3 (Xn— ) ) 1
n= O * The factor N iscommonly seen to be N=1 , for obtuse reasons explained in, e.g.,

W. H. Press, etal, “Numerical Recipiesin C,” New York, Cambridge University Press, p. 611 -

The definition given here makes more sense to me, and shouldn’t make a hill of beans’ difference
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Statistics

| A
Histogram
\ W @ O I N \ \ R \ \ N \ \ . \
GINE
0 =0.7071
V(t) 7 | O b O 3 . . . . . . . »
wal A ]
— 1051 To
-1.0] v Y

BNBNBNE  0.0051.01.52.0 2.5 3.0 5.5 40
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Noise Power

N-1

2 1N- 2 2 N-1 5
Oy =N 2 (xp— 00 = D(D—D(Dz: s ‘Xk‘
n=20 =1
Note:
N-1 -
1 2211 nk/N *
XN-k = X-k = N Z Xne = Xk
n=0
S0
N-1 51
2 ] 2 2 2 2
Oy = ¥ X =23 [X **Xn2
k=1 k=1
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Power Spectral Density

Variance of signal

Xq = x(tn), t, = na, n=0123, ... N-1 N_,
2 2 2 2
y N Oy = ZkZ X+ [Xns2)
_ _ k _ N =1
X = X(f), fx=rmz: k=01..5

The amount of mean square signal per unit of frequency

. 1 1 . :
in the frequency span from fk_m to fk+m IS approximately

P(f,) = 2‘xk‘2/(m) - 2NA‘Xk‘2 k=125

= NA|X g

2
N/z\ , k =

Note: The power spectral density P is measured in units = (dimension of x)2 / frequency
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257 Data Points,
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V. = 1IN=1 ominkN 1
k=N 2 'n° "N
n=~0

Orthogonality Condition:

.[Z2TU .[LTT
N -1 B

Z e e = N6k m
n=0 ’
5 . dL(k=m)
km~™ EO, Otherwise

SO

%4 %k
0 2i 21

U2 2i L

o o
Vk 4§:D k14+ N_k14E|
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“Simple” Sine Wave Spectrum

4

V, = - 2 *

k 2i

N

OSkS§
—l
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-1

2 2 2 1

oy =23 Vg *Vnso =3
k=1

NI Z

1
O,, = — = 0.707106/811865477
V ﬁ
P(fk) = ZNA‘Vk‘ = 6k A
N N
E_l E_l 1 1
Z P(fk)Af = z P(fk)N—A = 5
k=1 k=1
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A (slightly) more realistic example

Signal

Noise

Time (seconds)

Signal + Noise
2.0 __ ‘ ‘ _

0 50 100 150 200 250

1.5 -
1.0 ..

0.5L

SplusN

0.0

-0.5}

0 50 100 150 200 250
Time (seconds)
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Noise
2.0 ‘ ‘ ‘

1.50 Mean = 0.5

05 -
0.0 | .- ....... s l..- .. . ... - ’

-0.5]

0 50 100 150 200 250
Time (seconds)

VMean (Volts) = -6.245005e-17
VRms (Volts) = 7.071068e-01
VStDev (Volts) = 7.084919e-01

NoiseMean = 5.005493e-01
NoiseRms = 5.769418e-01
NoiseStDev = 2.874632e-01

SplusNMean = 5.005493e-01
SplusNRms = 8.932156e-01
SplusNStDev = 7.412359e-01
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Peak Signal Spectrum Z‘Vk‘
1.0[

0.81

FET V (Volts)

0.0

1.0¢

0.8

FFT SplusN

0.0

0.6]

0.41

0.21

0.6]

0.41

0.21

|

0.0 01 0.2 0.3 0.4 0.5

f (Hz)
Signal + Noise

WMWMM\MMW« |

0.0 01 0.2 0.3 0.4 0.5

f (Hz)
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FET Noise

0.971

0.41

0.3

0.21

0.1

0.0

Peak Noise Spectrum

AN V= Mean Value |

0.0 01 0.2 0.3 0.4 0.5
T (Hz)

, A= sampling period
= 1 second for this example
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Power Spectral Densities

Signal Noise
N ool | | | | | | | |
z A ~ T>pspy
& 100 , o 50| 5
i% U _ _
g 80 N _ 128 o 0 =NaVq =64
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a 20| , ! ,
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Integrated Power Spectral Densities

Signal Noise
/U? 0'77‘ ‘ ‘ ‘ ‘ ‘ v | | | T
S 06| A 5 04T
Z Z e
0.50 .
. 0.4] 1 § >
o —
& 03] o 0.2] Dominated by large -
3 ool “/é = mean value
- — 0.1
01l -
gool. | | \J } 5 0.0l | | | | }
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
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Z 070 | ' ' ' | :
= o6l | Vrms = /I P(f)df
n 0
o 0.5 ]
D 0.4]
o 0.3] f
: P(f)df j
g ool | Note: [ P(f) is shorthand for
= 0.1 ] k
o .
»n 0.0f - ' ' ' ' g z P(fk')Af
0.0 0.1 0.2 0.3 0.4 0.5 K=0

f (Hz)
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Sagrt Integ PSD V (Volts)

Sgrt Integ PSD SplusN

Integrated Mean-Suppressed Power Spectral Densities

0.71
0.61
0.51 .
0.41
0.51
0.21
O.11

0.0

0.71
0.6/
0.5
0.4]
0.3]
0.2]
0.1

0.0

Signal

0.0 01 02 0.3 0.4 0.5
f (Hz)

Signal + Noise

0.0 01 02 0.5 04 05
f (Hz)
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Noise
0.30

0.25]

0.20}

o
N
o

Sqgrt Integ PSD Noise
o
(&)
\

o
o
o

0.0 0.1 0.2 0.3
f (Hz)

NoiseStDev = 2.874632e-01

(Both Signal + Noise are non-Gaussian)

USPAS 2003, John Carwardine Glenn

4 0.5

S+N StDev = 0.74 < ( SignalStDev2+NoiseStDev? )12 = 0.76
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Reverse-Integrated Mean-Suppressed Power Spectral Densities

Sart Integ PSD V (Volts)

Sgrt Integ PSD SplusN

0.70".
0.61
0.51 .
0.4
0.351
0.2
0.1
0.0L

0.7] "
0.6
0.5
0.4
0.3]
0.21
0.1
0.0]

Signal

0.0 01 0.2 0.5 0.4 0.5
f (Hz)
Signal + Noise

0.30

Sgrt Integ PSD Noise

0.25,

0.20

Noise

0.0 01 02 0.5 04 0.5
f (Hz)

Vrms = Jﬂ P(f)df

Useful for

1
< = —
f fC 5A

NI =

Hz

resolving high frequency

0.0 01 0.2 0.5 0.4 0.5
f (Hz)
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components in the presence of large
signal at low frequency.
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Homework Problem - Computer Lab

Power Spectrum

Given the power spectrum shown, together Of ‘ ‘ ‘
with the “voltage spectrum” (.xIs file) - o
c ~— Carrier
1) Is this a peak voltage spectrum, rms, or something else? L -40
Hint 0 dBm =1 mW rms into a 50 ohm load. 0
c I
2) What is the relation between the given % -80
voltage spectrum and |V, | ? 5 _100
=
o -120
3) Plot the power spectral density in (Volts? / Hz) vs. deltaFre | | | | | |
4) What is the voltage variance and standard deviation in the full f (MHZ)

10 kHz frequency span, not counting the carrier.?

Note - deltaFreq < 0 does not imply V> V. * = V., Voltage Spectrum

o]

5) What is the ratio of rms voltage in the upper 360 Hz sideband - Synchrotron %%)ell;lezmd
to the overall rms voltage corresponding to deltaFreq > 0 ? < O'OE Sidebands /

0.001L
6) What is the ratio of the rms voltage in the 360 Hz sidband to % 7; \
the rms voltage associated with the upper synchrotron sideband < o
between 1.5 and 2.5 kHz. § 105 M
7) Plot the square root of the reverse-integrated power spectral WG;
density from 5 kHz down to, but not including deltaFreq=0, in 107L | | | | |
volts rms. Simpson rule integration is good enough. -4 -2 0 7 -

deltaFreq (kHz)
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	Frequency
	• RF frequency
	• Bunch frequency
	• Revolution frequency
	• Sampling frequency
	• Betatron frequencies
	• Synchrotron frequency
	• Line frequencies


