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ABSTRACT

TheGeometryMeasuringMachine(GEMM) of theNationalInstituteof StandardsandTechnology(NIST) is apro�lome-
ter for free-formsurfaces.A pro�le is reconstructedfrom the local curvatureof a testpart surface,measuredat several
locationsalonga line. For pro�le measurementsof free-formsurfaces,methodsbasedon local part curvaturesensing
have strongappeal.Unlike full-apertureinterferometrythey do not requirecustomizednull optics. Theuncertaintyof a
reconstructedpro�le is critically dependentupontheuncertaintyof thecurvaturemeasurementand,to a lesserextent,on
curvaturesensorpositioningaccuracy. For an instrumentof theGEMM type,we evaluatethemeasurementuncertainties
for a curvaturesensorbasedon a small apertureinterferometerand thenestimatethe uncertaintythat canbe achieved
in the reconstructedpro�le. In addition,pro�le measurementsof a free-formmirror usingGEMM arecomparedwith
measurementsusinga long-tracepro�ler, acoordinatemeasuringmachine,andsubaperture-stitchinginterferometry.
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1. INTRODUCTION

Full-apertureinterferometryhasevolvedintoageneraltestmethodin theproductionof �at andsphericalprecisionsurfaces.
Moderninterferometersuseelectronicimagingsystemswhich canprovide nearinstantaneousform error informationfor
entiresurfaces.Typically interferometerscanbeusedto measureawiderangeof �at andsphericalsurfaces.Thedif�culty
in using interferometryfor testingasphericsurfacesis widely acknowledged. Apart from certainquadricsurfaces,for
which specialtestsetupscanbeused,asphericsurfacesandwavefrontsmustbetestedusing“null optics”. Null opticsare
precisionopticsthatarenot only expensive,but alsocreateadditionalmetrologyproblems.This situationhasled to many
attemptsto developalternative metrologymethodsin orderto lower thecostof measuringasphericsurfaces.

One idea that hasbeenpursuedrepeatedlyis to basethe measurementof a pro�le, or a surface,on measurements
of thecurvature.Froma geometricpoint of view this approachhasconsiderableappeal.Interferometers,andcoordinate
measuringmachines,areusedto measureapro�le, or surface,of apartrelativeto anabsoluteexternalreference.In thecase
of interferometers,this is a �at or sphericalreferencewavefront which is usuallycreatedusingan appropriatereference
surface.In acoordinatemeasuringmachinethecoordinatereferenceis embodiedin thestraightnessof its guideways,their
alignment,andtheaccuracy of its scales.A measurementmadewith thesemethodsprovidesinformationon theform of
theparttogetherwith informationon its orientation,or alignment,with respectto theexternalreference.In interferometry
of asphericsurfaces,it canbedif�cult to separateform informationfrom alignmentinformation.In apro�lometerbasedon
curvaturesensing,themeasurandsareintrinsic parametersof a pro�le, or surface,which completelydeterminetheform1

regardlessof theorientationandpositionrelative to anexternalreference.

Wewill restrictourselvesto themeasurementof one-dimensionalsurfacepro�les z(y) in aplanewherez is thepro�le
“height” andy the position. In Cartesiancoordinates,the following non-lineardifferentialequation2 relatesthe pro�le
z(y) to thecurvaturek(y) ateachpoint:
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Figure1. Solidmodelof NIST'sprototypeGeometryMeasuringMachine(GEMM) on theleft andphotographof theactualinstrument
(right).

This is a form of theFrenetequationswhich describearbitrarycurvesin space.1 Eq.1 maybe interpretedin two ways:
eithergivenapro�le z(y), thecurvatureof apro�le atany pointcanbecalculated,or, whenthecurvaturek(y)is known, it
canbeusedto reconstructthepro�le z(y) by integration.

The �rst to apply thesegeometricconceptsto the problemof pro�ling asphericsurfaceswasGlenn.3, 4 His ideas
werelater re�ned whenthePhysikalisch-TechnischeBundesanstalt(PTB),Germany, proposedtheLargeAreaCurvature
Sensor(LACS) instrumentfor pro�ling steepasphericsurfaces.5{13 TheGeometryMeasuringMachine(GEMM) of the
NationalInstituteof StandardsandTechnology(NIST) is a prototypeinstrumentfor pro�ling precisionasphericsurfaces
basedoncurvaturesensing.GEMM is built from commerciallyavailablepartsand,likeLACS,usesasmallinterferometer
asits curvaturesensor. Thepurposeof GEMM is to evaluatepro�le andsurfacemetrologybasedon curvaturesensing,to
determinetheuncertaintythatcanbeachievedin pro�le- andsurface-measurements,andto �nd out if curvaturesensing
pro�le- andsurface-metrologywill beableto competewith establishedmetrologymethodssuchasinterferometry.

2. THE GEOMETRY MEASURING MACHINE (GEMM) AT NIST

Themechanicaldesignof theGEMM prototypeat NIST is shown in Fig.1. For clarity, a solid modelof GEMM is shown
togetherwith aphotographof theactualinstrument.A simplemachineframewascreatedfrom two aluminumplateswhich
areconnectedby threesturdyaluminumpillars. GEMM usesa compactphase-measuringTwyman-Greeninterferometer
for the measurementof the local curvatureat many pointsalonga line on the part surfaceundertest. GEMM needsa
curvaturesensorwith avery low measurementuncertainty. Wechoseaninterferometerasthecurvaturesensorin GEMM,
primarily becauseasuitablecompactphase-measuringinterferometerwascommerciallyavailable.Disadvantagesof using
aphase-measuringinterferometerasthecurvaturesensorarethelimited dynamicrange,andthehighdegreeof redundancy
in theacquireddata,whichrequiresawholeimageto beacquiredfor asinglecurvaturevalue.14 In aprototypeinstrument
theseareonly minor concerns,but it maybenecessaryto evaluatealternative meansfor curvaturesensingwith improved
ef�ciency in a productioninstrument.Thetestbeamof theinterferometeris collimatedandbeamdiametersof 2mm and
10mm canbe selectedby changingobjective lenses.During a pro�le measurementthe interferometermustbe moved
from onegrid point to the next and it must be possibleto adjustthe tilt of the interferometerso that the test beamis
nearlynormalto the surface,which requiresan accuratemotion control system.For surfacescans,at least5 degreesof
freedomarerequired.In GEMM, a Stewart platform,or Hexapodrobot, is usedto move the interferometer. TheStewart
platform in GEMM is a stiff, stablemotionsystemwith 6 degreesof freedomwhich hasa standardpositionuncertainty
of 1 � m for the translationaldegreesof freedom.A computercontrolsboth the phase-measuringinterferometerandthe
Stewart platform. They are integratedwith the MATLAB y environment,which is usedasa �e xible meansto script all
measurementprocedures.GEMM is installedin a temperature-controlledlaboratoryonavibration-isolatedgranitetable.



Figure2. Solidmodelof theSmallApertureDigital Interferometer(SADI) developedatNIST (left) andray-tracemodelof theimaging
system(right). SADI is a Fizeauinterferometerwith collimatedtestbeamof 5mm diameter. Thedimensionsof theinterferometerare
approximately10cm � 10cm � 4cm. Theray-tracemodelshows thebeamsplitterandtheimagingsystemwhich consistsof a single
lens.

2.1.A Futur eGEMM CurvatureSensor

In section3.2,we discusstheneedfor theGEMM curvaturesensorto measurenot only the local shapeof a surface,but
also the distanceof the sensorto the surface. A new curvaturesensorfor GEMM is now underconstructionat NIST,
which will be ableto make simultaneousform anddistancemeasurements.The new sensoris speci�cally designedfor
GEMM andavoidsa numberof problemsthatwe encounteredwith thegeneralpurposeinterferometercurrentlyusedas
thecurvaturesensor. Thenew sensorwill beacompactFizeauinterferometer, the“Small ApertureDigital Interferometer”
(SADI). A solid modelof the interferometercanbe seenin Fig.2. SADI hasa collimatedtestbeamof 5mm diameter.
Thedimensionsof theinterferometerareapproximately10cm� 10cm� 4cm. Theopticalmodelof theinterferometeris
shown in Fig.2 on theright. Every interferometerdesignis a compromisebetweentheneedto observe cleaninterference
fringes,which carry thesurfaceheightinformation,andgoodimagingof thesurfaceundertest,which makesit possible
to relatetheheightmeasurementto testpart coordinates.An undistortedimageoften requiresa largenumberof optical
surfaces,creatingcoherentstray light and “ghost fringes” in the interferometer, which reducesthe accuracy of height
measurements.SADI is designedto achieve a low uncertaintyfor surfaceheightmeasurementswhile permittingsome
imagedistortion.Theinterferometerhasa very simpleimagingsystem,consistingof just onelens,to reduceundesirable
coherentre�ections asmuchaspossible.BecauseSADI has�x edobjectandimagedistances,any residualdistortionby
theimagingsystemcanbecalibratedandcorrectednumericallyafterimageacquisition.Thedesignwavelengthfor SADI
is 633nm. The wavelengthof the lasercanbe shiftedfor phasemeasuringandto enablemeasurementof the distance
betweenthereferencesurfaceof SADI andthetestpartsurface.

3. COMPUTER SIMULA TION OF GEMM MEASUREMENTS

We have undertakencomputersimulationsto understandtheeffectof uncertaintiesin theGEMM measurementprocedure
andtheresultinguncertaintyin thepro�le measurements.Thetestpart for thesimulationswasanasphericsurfacewhich
is describedby thefollowing well known equation:

z(y) =
y2

R

0

@ 1

1 +
q

1 � (K + 1) y2

R 2
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A : (2)

y is the positioncoordinateandR is the vertex radiusof the surfaceat y = 0. The conic constantK wasset to -1.6,
whichmakesthesurfaceahyperboloid.(Thisvalueof theconicconstantwaschosenbecausewehaveahyperbolicmirror
with thesameconicconstantanda vertex radiusof 0.2m.) In thecomputersimulationwe studiedpartswith vertex radii,
R, of 0.08m, 0.8m, 8m, and 80m. Thesecover a rangefrom a relatively small radiusup to the large radii that are



10
-4

10
-3

10
-2

10
-1

Position Uncertainty / mm

10
-8

10
-6

10
-4

10
-2

10
0

10
2

10
4

P
ea

k-
V

al
le

y 
R

ec
on

st
ru

ct
io

n 
U

nc
er

ta
in

ty
 / 

nm

80m

8m

0.8m

0.08m

G
E

M
M

10
-4

10
-3

10
-2

10
-1

Position Uncertainty / mm

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

10
2

R
M

S
 R

ec
on

st
ru

ct
io

n 
U

nc
er

ta
in

ty
 / 

nm

80m

8m

0.8m

0.08m

G
E

M
M

Figure 3. Reconstructionerror as function of sensorpositionuncertainty. The standardpositionuncertaintyof GEMM (2.2� m) is
indicatedwith averticaldashedline. Errorbarsin thisandthefollowing ®guresindicatea rangeequalto two standarduncertainties.

foundin imagingsystemsfor synchrotronradiationbeamlines.A partdiameterof 86mm wasassumedfor all radii. The
pro�le measurementsweresimulatedalongtheradialdirectionof all four surfaces.Therearetwo sourcesof measurement
uncertaintyinherentin theGEMM methodandthesearetheuncertaintyin knowing thepositionwherethepartcurvature
is measuredandtheuncertaintyin thecurvaturemeasurementitself. In thefollowing sections,we discussthemagnitude
of theseuncertaintiesandtheir effect on pro�le reconstruction.Someaspectsof theGEMM methodthataffect only high
ordertermsof the reconstructedpro�les arenot discussedhere. Among thesearethe in�uence of sizeof the testbeam
diameterandthespacingbetweenthecurvaturemeasurementsalongapro�le.

3.1.Effect of Uncertainty in SensorPositioning

An error in positioningthecurvaturesensoralongthepro�le leadsto a second-ordererror in thecurvaturemeasurement.
The pro�le reconstructionuncertaintythat is affectedby sensorposition uncertaintyis a consequenceof the aspheric
departureof the surfacefrom a sphere.For the pro�le of a sphere,a positionerror is without consequencebecausethe
curvaturedoesnot dependon themeasurementposition.Largerdeparturesof theasphericsurfacefrom thebest-�t sphere
areexpectedto leadto largerpro�le reconstructionuncertainties.Thepro�le reconstructionwassimulatedfor partswith
differentvertex radii, R, in Eq.2. Fig.3 shows the peak-to-valley reconstructionerror (left) andthe rms reconstruction
error (right) for the differentradii. In calculatingthe graphsof Fig.3 we assumethat the positionerrorsof our Stewart
platformarenormallydistributedaboutthenominalpositions.Theabscissæof thegraphsarethestandarddeviationsof
thedistribution of positionerrors.At every point shown in Fig.3, a GEMM measurement,subjectto thepositionerrorof
thestage,wassimulated20times.Theproceduredescribedby Elsteretal.15 wasusedto integrateEq.1 with thesimulated
curvaturemeasurements.Becausetheanalyticalform of thepro�le is known in thesimulation(Eq.2) we canuseEq.1 to
calculatethecurvatureat any givenposition. Thereconstructionerror, which is thedeviation of thereconstructedpro�le
from the idealpro�le (Eq.2), wascalculatedin both thepeak-to-valley andrmssense.Fig.3 shows themeansof the20
valuesfor thereconstructionerror;thestandarddeviationof thereconstructionerrorsis indicatedwith errorbars.

Thepositionuncertaintyis the lack of knowledgeof the truemeasurementlocationof theGEMM sensoron the test
partsurface.Thisdependsbothonthepositioninguncertaintyof themotioncontrolsystemand,becausepointingerrorsof
thesensortranslateinto positionerrors,on theangularuncertainty. For thethreelineardegreesof freedomof theStewart
platform, the standardpositioninguncertaintyis 1� m. The angularuncertaintyof the Stewart platform is speci�ed by
the supplieras20� rad. The distancebetweenpart surfaceandthe point at which the interferometeris mountedto the
Stewart platform is about3cm for the 10mm objective of the interferometer, and10cm for the 2mm objective. In the
worstcase,the2mm objective, thepointinguncertaintyof the interferometerleadsto anuncertaintyof themeasurement
locationof 2 � m. Whenthetwo contributorsto thepositionuncertaintyareaddedin quadrature,astandarduncertaintyfor
themeasurementpositionof 2.2� m results.
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Figure4. Reconstructionuncertaintyasfunctionof curvaturesensinguncertainty.

Fig.3 shows that the reconstructionuncertaintyfor the asphericpro�les is stronglydependenton the vertex radius
of the surface. This is expectedbecausethe changein curvatureis lower for a surfacewith larger radiusanda position
errorwill resultin a smallererror in thecurvaturemeasurement.For part radii larger thanabout0.2m thereconstruction
error dropsbelow 1nm for the positionuncertaintyof the GEMM motion control system.For even larger part radii the
positionerror of the motion control systemis of no consequence.A positionuncertaintyin the vicinity of 1 � m canbe
accomplishedwith relatively modestmotioncontrolsystems,suchastheStewartplatformof GEMM, whichdonotrequire
laserinterferometers.Measurementsof surfaceswith largerasphericdeparturefrom thesphericalform will have greater
sensitivity to positionerrors.

3.2.Effect of Uncertainty in CurvatureSensing

The uncertaintyin curvaturesensinghasa direct effect on the uncertaintyof the pro�le reconstruction.Two typesof
curvaturesensinguncertaintymustbeconsidered.Thecurvaturesensormaybebiased,which will leadto anerror in the
reconstructedpro�le. Any biasmustberemovedby calibratingthesensor, which is discussedin section3.3.Herewedeal
with non-repeatableerrorsin thecurvaturesensing.Weassumeagain thatthecurvaturevaluesmeasuredby thesensorare
normallydistributedaboutamean.In Fig.4 weshow thereconstructionuncertaintythatfollowsfrom theuncertaintyin the
curvaturesensingof our four surfaceswith vertex radii rangingfrom 0.08m to 80m. It is clearfrom Fig.4 thatcurvature
sensinguncertaintieslower than10� 7 mm� 1 mustbe achieved for pro�le reconstructionuncertaintiesin the vicinity of
1nm,andthis is independentof thesurfaceradius.

The two main contributors to the uncertaintyof curvaturemeasurementsare illustratedin Fig.5. The graphsshow
curvaturemeasurements,madewith GEMM, for mirrorswith 0.2m, 2m, and84m radius. Becausethecurvatureof the
re�ected wavefrontexceedsthedynamicrangeof the interferometerwith the10mm objective, themirrorswith 2m and
84m radiusweremeasuredwith the10mm diametertestbeamandthe0.2m radiusmirror wasmeasuredwith the2mm
diametertestbeamof theGEMM interferometer. For all threemirrors,measurementsweremadeat differentdistancesof
thesensorto themirror surface.Themeasurementswererepeated10 timesto determinetherepeatability. For themirror
with the84m radius,thechangein curvatureof the testwave with sensordistanceis sosmall that it cannotbedetected.
For themirrorswith smallerradii, thecurvaturemeasurementdependsnoticeablyon thedistancebetweenthesensorand
themirror surface.It follows that this distancemustbewell-controlledin GEMM to obtaina suf�ciently low uncertainty
for thecurvaturemeasurement.Theresultsfor all mirrorsaresummarizedin Table1. Thevaluefor thereproducibilityuk

in the tableis theaverageof the reproducibilitiesfor all z-positions.uk is low enoughto permita pro�le reconstruction
uncertaintybelow 10nm for the10mm diametertestbeam,but considerablylargerfor the2mm testbeam.Thereasonis
the2mm objective, which hasmany opticalsurfacesandproducesaninterferogramwith moreedgediffractionandstray
light effects,andthesedirectly affect the measurementrepeatability. In the caseof the 2mm testbeam,the responseof
curvatureto sensordisplacementis alsonon-linearat the endsof the range. In the last columnof Table1, we calculate
theuncertaintyin distancebetweenpartandsensorwhich would resultin a curvatureuncertaintyof 10� 8 mm� 1. For the
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Figure5. Measuredcurvatureasfunctionof sensordistanceto partsurfacefor surfaceradii of 0.2m, 2m, and84m (left). Theabscissæ
arethedistancerelative to thenominalobjectdistanceof theobjective. Thebest®t line throughthedatais indicated.Thesamedataare
shown on theright with thebest®t line subtractedto clearlyshow residuaandstandarduncertainties.

Mirror Radius[m] Testbeamdiameter[mm] Slopedk
dz [mm� 2] uk (z) [mm� 1] � z [ mm]

84 10 2.4�10� 10 5.64�10� 8 42
2 10 -5�10� 7 2.84�10� 8 2�10� 2

0.2 2 -5.05�10� 5 1.5�10� 6 2�10� 4

Table 1. Sensitivity of curvaturemeasurementto sensordistancebetweentestpartsurfaceandsensorfor threedifferentmirrors. uk is
therepeatabilityof curvaturemeasurements,and� z theuncertaintyin sensorto surfacedistancethat is requiredto achieve a curvature
uncertaintyof 10� 8 mm� 1 .

mirror with the smallestradius,the permissibleuncertaintyfor the distancebetweenpart surfaceandsensoris 200nm,
which is easilyrealizedwith aninterferometricdistancesensingmethod.

3.3.Effect of CurvatureSensorBiasand Calibration

Any curvaturesensorwill have repeatablesensingerrorssuchasa constantoffset,or bias. We have simulatedtheeffect
of anconstantoffset in thecurvaturesensoron thepro�le reconstructionuncertainty. This typeof biasis expectedfor a
curvaturesensorbasedonaninterferometerwhichmayhaveareferencesurfacewith residualsurfacepower. Theresultof
thesimulationis shown in Fig.6. Thesimulationsemphasizethatthecalibrationoffsetmustbeknown to a highdegreeof
accuracy, becauseits effecton thepeak-to-valley errorin thereconstructedpro�le increasesrapidlywith partsize.

In general,higherordererrorsmayoccurin additionto sensorbias.Thetruecurvaturek of asurfaceatthemeasurement
locationis a functionof themeasuredcurvaturevalue~k:

k = f (~k) (3)

or
k = � + � � ~k + 
 � ~k2 + : : : ; (4)

whenf is expressedasa power seriesin ~k. Thepurposeof thecalibrationof thecurvaturesensoris to �nd theconstants
� ; � ; 
 : : :, which determinethe calibration. In many casesa linear modelmay suf�ce, but a non-linearmodelmay be
neededif the sensoris usedat the endsof its dynamicrange.Becausethe pro�le is obtainedfrom measuredcurvatures
throughdoubleintegration(Eq.1), abiasedcurvaturesensorwill yield aquadraticerrorin thereconstructedpro�le andthe
peak-to-valley valueof this error increasesrapidly with partsize. Dependingon thecurvatureof the testpart, �rst-order
curvaturesensorerrors(� 6= 1), andhigher-ordererrors,mayresultin higher-ordererrorsin thereconstructedpro�le.

A calibrationcanbe madein several ways. Whenthe linear calibrationmodelEq.4 is used,at leasttwo reference
surfaceswith known curvatureswithin thedynamicrangeof thecurvaturesensorareneededto determine� and� . A set
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Figure 6. Pro®lereconstructionuncertaintyasfunctionof curvaturesensoroffset,or bias,for surfaceradii of 0.08m, 0.8m, 8m, and
80m. A constantstatisticalstandarduncertaintyin thecurvaturesensingof 10� 8 mm� 1 is assumed.

of calibratedprecisionballsandsphericalcapsaresuitablecalibrationartifactswhich couldbemadeto realizereference
curvaturesthroughoutthedynamicrangeof thesensor. An alternativemethodwasdescribedby Schulzetal.9 whopropose
usinga specialdiamond-turnedasphericsurface,which mustbecharacterizedwith an interferometer, for thecalibration
of thecurvaturesensor. In thismethod,thecalibrationmodelis adjusteduntil thereconstructedpro�le matchestheknown
surfacepro�le. A widerangeof curvatures,whichmatchthedynamicrangeof thecurvaturesensor, canbegeneratedwith
relativeease.

4. MEASUREMENT OF AN ELLIPTICAL MIRR OR

In section3 we concludedthatGEMM in its currentform shouldbeableto measurethepro�le of a mirror with a large
radiususingthe10mm measurementobjective of the instrument.We have put GEMM to thetestandmeasureda pro�le
of a mirror thathasthe form of anelliptical torusandwasdesignedaspartof a Kirkpatrick-Baezimagingsystemfor an
x-ray beam-lineat theAdvancedPhotonSource(APS)of ArgonneNationalLaboratory(ANL). A photoof this mirror is
shown in Fig.7. Themirror substrateis madefrom silicon; it is 90mm long and19mm wide. The re�ective surfaceof
the mirror waspolishedinto a spherewith radiusof � 84m. A gold coatingwith varying thicknessis depositedon the
sphericalsurfaceto give the mirror an elliptical pro�le in the long direction. We measureda pro�le at the centerof the
mirror in the long directionwith GEMM, with the Long TracePro�ler (LTP) at the APS,with the “eXtremely accurate
CALIBration InterferometeR”(XCALIBIR) at NIST, andthe Moore M48 coordinatemeasuringmachinealsoat NIST.
Theseinstrumentsaredescribedbrie�y in thesectionsbelow.

Propercalibrationof theGEMM curvaturesensor, asdescribedin section3.3, is dif�cult becausesuitablecalibration
artifactswith large radii, andcurvatureswithin the dynamicrangeof the interferometerwith 10mm aperture,werenot
available.Becausetherangeof curvaturesontheelliptical x-raymirror is small,weassumethat� = 1 andneglecthigher-
ordertermsin Eq.4. Theoffset � in Eq.4 wasdeterminedusing�atwith 50mm diameteranda �atnesserrorof � /40 (at
� =633nm). Thecurvatureof this �at surfacewasmeasuredat severalrandomlocationsandtheresultingcurvaturevalues
wereaveragedwhichyieldedacurvatureoffset� of 1.05� 10� 6 mm� 1.

An additionalproblemin comparingthepro�les measuredwith differentinstrumentsarises,becauseeachinstrument
usedadifferentpartcoordinatesystem,eachshiftedby anunknown distance,to describethepro�le. Whencomparingtwo
pro�les it is thennecessaryto shift onewith respectto theotheruntil thebestpossibleagreementis achievedto compare
measurements.Whencomparingtwo non-sphericalpro�les, za(y) andzb(y), by shiftingonewith respectto theotheruntil
thedifferencein a least-squaressenseis assmallaspossible,informationabouttheparaboliccomponentin thepro�le is
potentiallylost. We illustratethis factby consideringtwo third-orderpro�les

za(y) = a0 + a1y + a2y2 + a3y3 (5)
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and
zb(y � � y) = b0 + b1(y � � y) + b2(y � � y)2 + b3(y � � y)3: (6)

Pro�le zb is shiftedby anamount� y with respectto za . Thedifferencebetweenthepro�les is

zb(y � � y) � za(y) = y3(b3 � a3) (7)

+ y2(b2 � a2 � 3b3� y)

+ y(b1 � a1 + 3b3� y2 � 2b2� y)

+ b0 � a0 � b1� y + b2� y2 � b3� y3:

Whenoffset andslope(third and fourth term on the right-handsideof Eq.7) aredisregarded,the bestmatchbetween
pro�les za andzb is achievedwhentheshift, � y, is chosensuchthat

b2 � a2 = 3b3� y; (8)

andthe secondterm on the right-handsideof Eq.7 vanishes.All informationaboutthe differencein the second-order
termsof thepro�les is thenlost from the best-�t pro�le difference.In general,a shift in a polynomialterm of a certain
degreeresultsin errorsin all polynomialtermswith a lower degree.An error in thepositionof a third orderpolynomial
addserrorsin thesecond,�rst, andoffset termsof thedifference.A circularpro�le is approximatelyequalto a 2nd order
polynomial,andthusonly causesan error in offset andslope,both of which areremoved. An ellipse,however, yields
approximatelya parabolicpro�le differencewhich is similar to anerror in theaverageradiusof curvature.Theresulting
P-V andRMSerrorsareproportionalto theshift in position.

The lessonis that for asymmetricpro�les the relative positionof the pro�les needsto be known, asshifts result in
errorsof thelowerordertermsthatcannotbedistinguishedfrom similarerrorsin themeasurementinstrument.In thecase
of ourelliptical mirror, theresultis a lossof informationabouttheaverageradiusof curvature.

4.1.The APSLong TracePro�ler

The long tracepro�ler (LTP) is a non-contactslope,or angle,measuringdevice that is widely usedfor measuringthe
surface�gure of synchrotronbeam-linemirrors.Theoriginal idea,creditedto Takacset al.,16{18 wasbasedon thepencil
beaminterferometertechniqueoriginally developedby von Bieren.19 Variationsof the original designarenow in use
worldwide.

The APS LPT II long tracepro�ler of the AdvancedPhotonSource(APS) (seenin Fig.8 on the left) is the second
generationof this instrumentandwascommissionedin 1994. Thepro�ler hasa numberof improvements,includingan



Figure8.TheAdvancedPhotonSourcelongtracepro®lersystemAPSLPT II, with a1m longcylindrical mirror setupfor measurement
(left). Opticalschematicsof LTP II (right). 1 = Laser®bermount;2 = Fixedpolarizer;3 = Rotatingpolarizer;5a-b= Porroprism;6 =
Beamsplitter;7 = Rotatinghalf-waveplate;8 = Polarizingbeamsplitter;9a-b= Quarter-waveplates;10= Fouriertransformlens;11a-c
= Foldingmirrors;12= 1024pixel doublearraydetector;13= Stationaryreferencemirror. Uponre¯ectionfrom theSurfaceUnderTest
(SUT), theprobebeamcomponentsaredirectedto theFouriertransformlens(10) by thepolarizingbeamsplitter(8). Thelensfocuses
thetwo beamcomponentsontothelineararraydetector(12)andproducesandintensitypatternwith two peaksandaminimumbetween
them.Thelocationof theminimumis proportionalto themeasuredlocal slope,andthis minimumtranslatesacrossthedetectorasthe
surfaceslopechanges.In asimilar fashion,thereferencebeamcomponentsdetecttheslopedueto opticsboardpitchasit moveson the
linearair bearingsystem.For clarity, thefull pathof there¯ectedcomponentsof thereferencebeamis notshown. At theendof ascan,
thereferencesignalis subtractedfrom theSUTsignalto obtainthetrueslopepro®le.

internallygeneratedreferencebeamthat is usedto correctfor tilt errorsof theopticalboard,a dove prism(not shown in
Fig.8) that is incorporatedinto this referencebeamto correctfor phasingproblemsbetweenthemechanicalandthermal
errors,andanenvironmentalenclosurethatstabilizesthetemperatureto within � 0.1� C,whichgreatlyimprovesinstrument
repeatability. Measurementsperformedon a 500mm long Zerodursubstrateshow a standarduncertaintybelow 0.3� rad
rms,andacorrespondingstandarduncertaintyfor theheightof 4.6nm.18 Theangularrangeof theLPT is � 5mradandit
canhandlemirrorsup to 2m long.

Themirror in Fig.7 wassetupontheAPSLPT II tablewith thegoldcoatedsidefacingupandwasleft for severalhours
to thermallystabilize.Themirror was�rst measuredin oneorientation.Thenit wasrotatedby 180� abouta verticalaxis
throughthecenterof themirror, andmeasuredagain. Tenscansweremadeateachorientationandtheresultswereaveraged
to improve thesignal-to-noiseratio. Additionally, at eachof theseorientations,themirror wasmeasuredat threedifferent
tilt positions.In doingthis, thebeamprobetakesdifferentpathsthroughboththepolarizingbeamsplitterandtheFourier
transformlensandaveragingtheresultingdatareducedsystematicuncertaintiesarisingfrom thesecomponents.Finally,
thedatameasuredwith therotatedmirror arerotatedbacknumericallybeforeaveragingwith datafrom themeasurements
with theunrotatedmirror to arriveat the�nal tangentialslopepro�le for themirror.

4.2.SubapertureStitching Interfer ometry with XCALIBIR

Themirror in Fig.7 wasmeasuredwith the“eXtremelyaccurateCALIBration InterferometeR”(XCALIBIR) at NIST. A
solid modelof the interferometercon�guration is shown in Fig.9. The XCALIBIR interferometeris built on a granite
table to isolateit from seismicvibrations. The interferometeris housedin a class1000cleanroom that maintainsthe
air temperatureat (20� 0.02)� C to achieve thestructuralstability necessaryfor measurementssuchasradius-of-curvature
measurements.Sourceandimagingcomponentsof theinterferometeraresetuponanelevatedopticalbreadboardto create
suf�cient clearancefor thetestingof largeparts.Light from thelasersourceis deliveredto theinterferometerwith optical
�bers. An off-axis parabolicmirror collimatesthe centralpart of the light conethat is emittedby the optical �ber and
createsa collimatedbeamparallelto the top surfaceof thegranitetable. A beamsplitter directsa fractionof the return
beamfrom the part undertest to the imagingarm of the interferometerand the camera. A beamexpander, consisting



Figure 9. XCALIBIR interferometercon®guredfor ¯atnessmeasurements.The main componentsof the interferometer, from left to
right, are: breadboardwith sourceand imagingoptics,diverger lens(DL), collimator lens(CL), referencē at (RF), andtestmount
(TM). Themirror in Fig.7 wasmountedonthetestmountandtheform errorwasmeasuredby combining5 sub-aperturemeasurements.
A photoof theinterferometerin its clean-roomenvironmentis shown on theright.

of an f/4 diverger lensandan f/4 collimator lens,createsa collimatedtestbeamwith just over 300 mm diameter. For
the measurementsof the gold-coatedmirror surfacedescribedhere,a reference�at with a Dyna�ecty coatingwasused,
whichprovidedgoodfringecontrastfor thehighly re�ectivesurface.Severalmeasurementsof themirror with threeor � ve
sub-aperturesweremade.Thesubaperturemeasurementswerethen“stitched” togethernumerically.

4.3.The MooreM48 Coordinate Measuring Machine

TheNISTM48 coordinatemeasuringmachine,shown in Fig.10,is widely regardedasthemostaccurateCMM of its sizein
theworld. Themachinestructureconsistsof aheavy castiron, jig-grinderbasesetonthreevibration-dampingmounts.The
X-axis tableandtheY-axiscross-carriagemotionsarecarriedoutby highprecisionleadscrews immersedin oil bathsand
areguidedby precisiondouble-“V” roller waysandassistedby constantforcespringsto reducebacklashto insigni�cant
levels. TheZ-axismotion is achieved througha counterweightedceramicram hungby anotherprecisionleadscrew and
guidedby air bearingsandconstantforce springs. Laserinterferometersareusedon all threeaxes. A 200mm thick,
kinematicallymountedgranitesurfaceplateonthemachinetabletransformscomplex tablebendingerrorsinto moreeasily
correctedrigid bodymotionerrors.Themachineis currentlyhousedin averystablelaboratoryenvironment.Thehumidity
controlledroom is maintainedat a temperatureof 20.00� C � 0.01� C. The local machinetemperatureenvironment is
monitoredthroughaseriesof 14sensorsplacedin andaroundthemachinefor �ner assessmentof thethermalenvironment.
The currentprobingsystemuseshydraulically dampedandindependentdeformableparallelogramsfor all threeaxesof

Figure10.MooreM48 coordinatemeasuringmachinein theAdvancedMetrologyLaboratoryatNIST.
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Figure11.Pro®lesat thecenterof themirror in Fig.7 in thelongdirection,measuredwith theAPSLTPII pro®ler, theXCALIBIR inter-
ferometerat NIST, andtheMooreM48 coordinatemeasuringmachineat NIST. Thegraphson theright show theGEMM, XCALIBIR,
LTP, andCMM measurementswith thenominalelliptical pro®leof themirror subtracted.

motion andprovidesrepeatabilityat the level of 10nm. Redundanterror mappingandprocesscontrol techniqueshave
achieveda2D positioningaccuracy overanareaof 600mm� 600mmof betterthan50nmfor all opticalandtouchprobe
measurements.

4.4.Comparisonof Pro�le Measurements

A comparisonof the centralpro�le of the mirror in Fig.7, measuredwith the APS LTP II pro�ler, the XCALIBIR in-
terferometer, the M48 CMM, andGEMM is shown in Fig.11. The graphon the left of Fig.11 shows all four pro�le
measurementswith offsetandslopesubtracted.Thegraphon theright of Fig.11 shows thesamedatabut with theellip-
tical pro�le of themirror subtracted.Thecurvaturedataon which thereconstructedGEMM pro�le is basedareshown in
Fig.7. Theparametersof thenominalelliptical mirror pro�le wereknown andthenominalellipsewasorientedto matchthe
pro�le measuredwith theM48 CMM. Theelliptical pro�le wasthensubtractedfrom theCMM data.Theresidualpro�le
is shown in Fig.11 on theright. Usingdifferentinstrumentsmadeit dif�cult to accuratelyrelatethepositioncoordinates
of the differentmeasurements.To comparethe pro�les, the GEMM, LTP, andXCALIBIR pro�les wereshifted,until
thebestpossibleagreement,in a least-squaressense,with theellipsedescribingthenominalmirror pro�le wasachieved.
Theellipsewasthensubtracted;theresidualsareshown in Fig.11. As we have describedabove, theresultof thepro�le
shifts,which arenecessaryfor thecomparison,noneof thepro�le errorsshown in Fig.11 containinformationaboutthe
quadratictermof thepro�le error. All four pro�le errorsagreeto within 20nm,which is not far from theexpectedpro�le
reconstructionuncertaintyfor thecurvaturesensinguncertaintywith the10mmGEMM objective (seeTable1 andFig.4).

5. CONCLUSION

Simulationsof the pro�le reconstructionuncertaintyfor the GeometryMeasuringMachine(GEMM) at NIST for the
dominantmeasurementuncertaintieshave resultedin a setof requirementsthat mustbe met by any instrumentof the
GEMM type if it is to be usedfor measurementsof precisionopticswheremeasurementuncertaintiescloseto 1nm are
needed.While the necessarypositioningaccuracy of the curvaturesensoris not dif�cult to meetfor a wide rangeof
surfaces,aslong asthedepartureof theaspherefrom thebest-�t sphereis modest,it is a considerablygreaterchallenge
to achieve the requiredcurvaturesensinguncertaintybelow 10� 8 mm� 1. The compactTwyman-Greeninterferometer,
which is currentlyusedascurvaturesensorin GEMM, comescloseto this uncertaintywith only oneof its measurement
objectives. Basedon our experiencewith this interferometer, we estimatethat we canachieve an uncertaintyaslow as
5�10� 9 mm� 1 with a new interferometerdesignedspeci�cally for curvaturesensingwhich is currentlybeingconstructed
at NIST. The calibrationcurve (Eq.4) mustbe known to a high degreeof accuracy, in particularthe offset � , because
its effect on thepeak-to-valley error in thereconstructedpro�le risesquadraticallywith pro�le length. Sensorstability is



equallyimportant.For a pro�le of 86mm lengtha stability betterthan10� 9 mm� 1 is neededfor reconstructionerrorsof
about1nm. Our pro�le measurementof anelliptical x-ray mirror with theGEMM prototypeandwith threeotherwell-
establishedmetrologytoolsshow, that the third- andhigher-orderpro�le errormeasurementsfrom all instrumentsagree
within 20nm. Futurework onGEMM will bedirectedtowardsdevelopingarobustcalibrationprocedurefor thecurvature
sensor, anda new comparisonof GEMM with othermetrologytools in sucha way that the importantparabolictermsof
pro�les canbecompared.
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