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Femtosecond synchronism of x rays to visible light in an x-ray
free-electron laser
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A way is proposed to obtain intense infrared/visible light from an electron bunch in an x-ray
free-electron laser in femtosecond synchronism with the x-rays themselves. It combines the recently
proposed technique of emittance slicing in a free-electron laser with transition undulator radiation
sTURd. The part of the electron bunch that is left unspoiled in the emittance slicing process is the
source of both coherent x rays and of coherent TUR at near-infrared wavelengths. An extension
of the concept also exploits the fact that the electrons that participate in the free-electron lasing
process lose a significant part of their energy.© 2005 American Institute of

Physics.fDOI: 10.1063/1.1927109g

olid
sca
ica
g to
s ca
tose
ose
ulse
rre-
ear
tion
cie
nse
y of
ap-
ve
the
tron
n.
ars
in a
ray
tim
l of
lse
rive
b-

the
n th
atio

be
ump
ble
ligh
ns

osed
ration
cing

ini-
lar,
posal
lator

ation
in

kes
orre-
the

r the
few-

pears

ectly
ance-
ergy
end-

make
n the
s the
ased
the

rp in
s the
rans-
ghly
es a
cted
I. INTRODUCTION

The most elementary processes of chemistry and s
state dynamics take place on the femtosecond time
scorresponding to the electron-volt energies of chem
bondsd and on the angstrom length scale, correspondin
the interatomic distances. These time and length scale
be addressed in pump-probe experiments, where a fem
ond pulse of visible or infrared light triggers a process wh
dynamics are probed by a correspondingly short x-ray p
The x rays can provide both the spatial resolution co
sponding to the chemical bond lengths and, through n
edge spectroscopy, element-specific chemical informa
such as the oxidation state of a particular elemental spe

Whereas the production of few-femtosecond, inte
pulses of laser light is routine these days, the possibilit
obtaining intense x rays of similar duration is only now
pearing on the horizon. Laser-plasma x-ray sources ha
low brilliance, and the duration of the x-ray pulses is of
order of 100 fs. The raw output from an x-ray free-elec
lasersXFELd is much more brilliant but of similar duratio
Several schemes have been proposed in the past few ye
obtain shorter x-ray pulses from a FEL. However, to obta
few-femtosecond time resolution in a visible pump, x-
probe experiment, one also has to determine the relative
ing of the two types of radiation at a commensurate leve
precision. It is very difficult to synchronize a short-pu
laser to the electron bunches in a linear-accelerator-d
XFEL to better than,1 ps. A way to circumvent the pro
lem is to measure the relative timing of the laser versus
electrons or the x rays on a shot-by-shot basis and to bi
data accordingly. This requires sophisticated crosscorrel
techniques, none of which are proven yet. It would also
very desirable to replace the statistical coverage of the p
probe time difference with controlled and scana
femtosecond-precise timing. For this, pump and probe
have to be derived from the same source, i.e., the electro
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the accelerator. One possible way for doing so is prop
here. It is based on a recent proposal to shorten the du
of FEL emission from an electron bunch by passively sli
its emittance. This has the advantage of requiring only m
mal upgrades to an existing FEL facility and, in particu
does not need an additional drive laser. The current pro
combines this with the use of coherent transition undu
radiationsCTURd, i.e., transition undulator radiation1 sTURd,
enhanced by the effect of coherent synchrotron radi
sCSRd. Transition undulator radiation is strongly peaked
the forward direction at an angle of 1/g, where g is the
relativistic electron energy in rest energy units. This ma
TUR depend very sensitively on the emission angle. C
spondingly, the CTUR emission will be determined by
variations along the bunch of the electron density ove
transverse angular coordinates in phase space. For
femtosecond slices in the electron bunch, the CTUR ap
in the near-infrared wavelength range.

Two concepts are proposed here. The first relies dir
on the transverse emittance characteristics of an emitt
sliced bunch and the other works by transforming the en
spread of the sliced bunch into an angular spread in a b
ing magnet. The latter concept can be extended to also
use of the energy loss of the electrons that participate i
free-electron lasing process. The next section describe
concept in qualitative terms. The numbers given are b
upon the simulations2 and parameters available from
linac coherent light sourcesLCLSd parameter database.

II. EMITTANCE SLICING

In the emittance-slicing technique,2 a thin foil is placed
in a bunch compressor at a point where an energy chi
the bunches is transformed into a transverse spread. A
electrons traverse the foil, they are scattered and their t
verse and longitudinal emittances are increased by rou
one order of magnitude each. An aperture in the foil leav
small part of the bunch near its center largely unaffe

sapart from insignificant wakefield effectsd. Only this central
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part has a low enough emittance to be able to suppor
self-amplified spontaneous emissionsSASEd process tha
leads to the emission of highly intense x rays in the LC
and similar x-ray FELs. Due to slippage effects,2 the free-
electron-lasing part of the bunch is even shorter than
unspoiled part itself. The electrons that participate in
emission of the intense coherent laser radiation lose a si
cant fraction of their energyssee Sec. IVd. They also los
energy to incoherent emission of wiggler radiationswith the
current LCLS parameters actually considerably more tha
coherent emisisond. However, this loss is the same as in
emittance-spoiled part of the bunch becausesid spontaneou
emission is a single-electron effect and therefore the
radiated power is independent of the bunch emittance
sii d, at least in the linear-gain section of the FEL, the Fou
components of the electron density are not coupled with
other, so that gain in those that fulfill the undulator resona
condition does not affect the other ones.

After leaving the undulator, the bunch consists thu
several distinct regions:sid the center, which has participat
in the SASE processshenceforth the SASE bunchd, sur-
rounded bysii d regions of unspoiled emittance, which ha
not lased, andsiii d the head and tail regions, which ha
large longitudinal and transverse emittances. Due to th
ditional energy loss to coherent radiation, the electrons i
SASE bunch have a slightly lower mean energy than
others. This is shown schematically in Fig. 1. With the
ception of the central dip due to energy transfer into
coherent x rays, a plot of the transverse emittance o
electrons looks qualitatively similar.

In the following Secs. III and IV, two concepts for t
extraction of infrared CTUR from an emittance-sliced bu
are described. The firstsSec. IIId seems rather simple
implement. The other is more complex and requires s
more space in the XFEL facility, but could provide sho
wavelength CTUR than the first.

III. USE OF TRANSVERSE EMITTANCE

In the LCLS,g=26 693, and the emission of TUR pea
at the small angle of 1/g=37 mrad ssee Fig. 2d. In contrast
the source sizes=gl /2 that emits into one transverse mo
of the infrared radiation with this high collimationss

FIG. 1. sColor onlined Schematic representation of the particle energy, m
and spread, along an emittance-sliced bunch as it leaves the FEL und
The parts of the bunch that passed through the foil have a larger e
spread than the central part that was left unaffected. In the center
unaffected part, the electrons have participated in the SASE emissio
have a lower mean energy than those in the rest of the bunch.
<13 mm atl=1 mmd is much larger than the electron beam
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cross section in the LCLS undulator, and, therefore,
emission of TUR is insensitive to emittance-induced elec
beam cross section variations. As a consequence of the
transverse source size, the electron beam must follo
straight path over a long distance of the order of a hun
metersssee Appendix Cd. Thus, the place in the LCLS th
suggests itself for the production of TUR is the main un
lator itself, which in the current design is 112 m long.

CSR effects are caused by strong variations of the
tromagnetic field amplitudeat the observation point, which
are due to variations in the phase-space density alon
bunch. In the case of a bending magnet, it is usually s
cient to consider only the overall charge-density variat
along the bunch, and a qualitative understanding of CSR
be found by concentrating on the bunch itself. With TU
however, the location of the observation point becomes
portant for two reasons. First, the high degree of collima
of TUR makes the amplitude at the observation point de
on only that fraction of the bunch charge whose propag
direction is within an angle of 1/g of the direction toward
the observation pointssee Fig. 3d. A formal definition of a
directional charge density is given in Eq.sB2d. The secon
difference to bend magnet CSR is that the observer is
cally in the near field of the TUR sourcessee Appendix Cd.

In the LCLS design,3 the normalized slice emittancege
is 1.2310−6 m, and the averageb function in the LCLS
undulator is 23 m/rad, giving a root-mean-square transv
beam sizeÎbe=36 mm, and a divergence of 1.25mrad.

With the parameters given in Ref. 2, the spoiled tr
verse emittance is about 5310−6 m, or about four time
higher than the unspoiled emittance according to the L
database3 and about six times the unspoiled value of 0.8mm
given in Ref. 2. In either case, the resulting increase in
electron beam divergence to,2.5 mrad and 3mrad, respec
tively, is still much less than the TUR peaking angle. As
4 shows, this is not sufficient for a good contrast in
directional electron density. The increased divergence
however, be amplified by placing one or more scattering
at the undulator entrance, and making use of the fact
along with an about twofold increase in divergence, the
also a twofold increase in the transverse size of the sp
beam. Each of the foils has a hole that is just large enou

r.
y
e
d

FIG. 2. sColor onlined Dependence of the TUR intensity from the LC
undulator on the observation angleQ at l=1 mm. Lower curve: into
constant solid anglefEq. f1g.s11dg, upper curve: into a constant interval inQ,
integrated over the azimuthal angle. For the lower curve, the units o
abscissa represent the photon flux atl=1 mm per second, mrad2 and 0.1%
bandwidth at a beam current of 5 kA. For the upper curve, the unit
arbitrary.
let the unspoiled beam pass. The foils must be spread out
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over a length given by theb function to make sure that a
electrons in the spoiled parts interact with several foils,
those that happen to be close to the beam center at th
foil must interact with another. Other than in the beam c
pressor, where the original emittance slicing foil is plac
there is no dispersion at the undulator entrance, and t
fore, the limitations on the total foil thickness discusse
Ref. 2 do not apply. However, possible wakefield effect
the foils on the unspoiled beam need to be studied in b
dynamic simulations. To increase the divergence of
spoiled beam to, say, 60mrad, the emittance will have to b
increased by a factor of about 2000. Assuming uncorre
scattering in the foils, the emittance should scale line
with the total foil thickness. According to Ref. 2, 10mm of
carbon increases the emittance by a factor of 5, and th
total foil thickness of 4 mm will be requiredsbut see remar
at the end of this sectiond. Going downstream, the foils c
have increasing aperture size, as the distinction bet
spoiled and unspoiled parts grows. This will help to m
mize adverse wakefield effects on the unspoiled part o
bunch. Depending on the emittance acceptance of the L
the foils will also scatter some electrons completely ou
the beam, so that not only the directional, but also the t
electron density of the spoiled parts is reduced by the
tering. This effect may actually be more important than
due to only the reduction in directional emittance. To av
damage to the undulator, the scattered electrons shou
caught by a collimating beam stop.

Figure 5 shows a sketch of the proposed device, with
primary scattering foil sf1 in the bunch compressor and2

representing the multiple emittance-enhancing foils. In
actual design, one would probably not use foils with an
erture, but rather several blades that can be moved int
beam from all sides. The TUR in Fig. 5 is focused onto
sample by a longsseveral meters, depending on the imag

FIG. 4. sColor onlined Main graph: Square of the directional electron d
sity r̃, Eq. sB2d for an observation angleQ=1/g=37 mrad over the electro

beam divergences. Inset: the same overs andQ.
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ratiod parabolic mirror. Because of the radial polarization
the TUR light fsee remark after Eq.sA9dg, focusing the
whole emission cone onto the sample would lead to des
tive interference. Therefore, one can use only about 1
the cone to get an optical single-cycle burst of infrared
diation sone-half cycle of the vector potentiald or two oppos
ing sections of the cone with al /2 phase shifter for
3/2-cycle burstsone full cycle of the vector potentiald. The x
rays go through two crystal reflections for the double
pose of mononchromatization and delay relative to the i
red light ssee Ref. 4 for detailsd.

Now to the intensity of CTUR light that one may exp
at the important wavelength ofl=800 nm, for which th
mature Ti:sapphire laser technology is available. This al
the wavelength below which the Taylor expansion for
exponentialsA5d becomes invalid for LCLS parameterssK
=3.5, g=26693, undulator length L=112 md. The number o
TUR photons from a single electron at an angleQ=1/g is
calculated with Eq.sB3d. Assuming the observer is seve
hundred meters downstream of the undulator, the real u
lator length L is replaced with an effectiveL°=100 m to
account for near-field effectsssee Appendix Ad. With v
=2pc/l=2.35531015 s−1 and Dv=0.2·v stypical for
Ti:sapphired, and withkb'

2 l=K2/4g2<4.3310−9, this gives
dN/dV=3.03105. After integrating over a solid angle ofg−2

s0.5/g radially and 2g azimuthallyd, the flux is N=4.21
310−4 photons from one electron.

According to the simulation in Ref. 2, the beam cur
in the unspoiled part is 6 kA, and thus the charge trans
within one-half optical oscillation period of 800 nm light is
pC, or 4.93107 electrons. Because CTUR scales as
square of the numbern of participating charges and beca
the contrastC betweenr̃2 ssee Fig. 4 and the inset in Fig.d
in the unspoiled versus the spoiled part is about 50%
CTUR pulse energy isNpn2p"vC<125 nJ, and the pow
within one optical cycle is about 50 MW. This is quite s
ficient for many pump-probe experiments. If necessary,

FIG. 3. sColor onlined Schematic rep
resentation of the variations in the
vergence along the bunch. The cen
has a smaller electron divergence,
thus a smaller TUR divergence, th
the headslight rays not drawnd or the
tail sdivergent light rays shownd. The
inset shows the amplitudeA over the
time t at the location of the observ
Short-wavelength CTUR is due to t
square of the peak over the slow p
estal.

FIG. 5. sColor onlined Schematic of the in-line setup, with the scattering
sf1, as proposed in Ref. 2, and the additional foils at location sf2. The x rays
go through a double-bounce monochromator, which has the seconda

pose of delaying them relative to the CTUR light.
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dard laser technology can be used for further amplificatio
single pass through a laser crystal in in-line geometry in
duces only a small optical delay, which can easily be c
pensated for with an x-ray delay in the monochromator
nally, a laser amplifier could also be used to reduce
requirements on the contrast inr̃ between the spoiled an
unspoiled parts of the bunch and thus use fewer seco
scattering foils.

IV. USE OF THE ENERGY SPREAD

The second concept makes use of the variation o
energy spread along the bunch. Upon entering the d
magnet that separates the electrons from the x rays to
them to the beam dump, the bunch fans out, and the re
with a large energy spread do so much more than those
were left unaffected by the emittance slicing. Furtherm
the parts of the unaffected region that have/have not
will follow different trajectories due to their slightly differe
mean energies. This is shown schematically in Fig. 6.

This dispersed bunch then enters another undu
which has the purpose of emitting infrared CTURssee Fig
7d. There, the current density profile shown in Fig. 6 w
lead to the following pattern of CTUR emission at microm
ter wavelengthssgiven by the duration of the emittanc
sliced SASE emissiond: the main component due to the sh
SASE bunch is centered around trajectory “d.” In this direc-
tion, one should observe a single optical cycle of infra
light sa half-cycle of the vector potentiald. On trajectory “c,”

FIG. 6. sColor onlined Schematic representation of the time dependenc
the dispersed bunch after the bend. The high-emittance parts of the
spread out over a large fan, represented here by trajectoriesa, b, e, f, andg.
In all of these trajectories, the low-emittance central part of the bun
missing because that is concentrated on the trajectoriesc shas not lasedd and
d shas lasedd. The electrons that participate in the SASE process lose
of their initial energy than those that do not, and therefore take a tighte
in the bend and end up in trajectoryd, instead ofc.

FIG. 7. sColor onlined A sketch of the setup, showing the FEL undulator,
bend magnet that disperses the bunch and the undulator for transition

lator emission.
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there is a somewhat longer bunch, corresponding to the
duration of the unspoiled section, but with a “hole” in
center where the electrons go along ‘d’. In analogy to Babi
net’s principle in classical optics, this should also lea
CTUR at the same wavelength as fromd. Because the par
of the bunch on ‘c’ before and after the hole are roug
equal in length to the hole itself, one may expect a 11

2-cycle
pulse of the vector potential. Finally, there are the outer
jectories “a,” “ b,” “ e,” “ f,” “ g.” These contain rather lon
bunches which emit CTUR at far-infrared wavelengths
beit rather weakly because their currents are more dilute
on ‘c’ and ‘d’. Furthermore, for the same reason as discu
earlier, there is also a weak CTUR contribution at wa
lengths corresponding to the length of the bunch on ‘c’.

The CTUR must be produced in a straight section
about 100 m in lengthssee Appendix Cd, but the total undu
lator length can be less. One might, for example, array
tively short undulators along the long straight section. T
undulators do not have to conform to the strict tolerance
the SASE undulator in the LCLS. Becausekb'l enters Eq
sB3d to the fourth power, a shorter magnetic length can e
be made up for by a larger K parameter of the undulatorssee
remark in Appendix A onK.1 and the TUR peaking ang
of 1/gd.

Now to an estimate of the CTUR power to be expec
According to the LCLS database,3 the-energy spread of t
unspoiled part of the bunch before the emission of x ra
0.01%, and the quantum fluctuations of the spontaneous
gler radiation induce an additional spread of 0.02%, brin
the total to 0.024%. In contrast, the emittance of the sp
parts of the bunch is about 0.075%.2 The relative energy los
due to the SASE process is about 0.014% with a coh
x-ray power of 10 GW from a current of 5 kA of 13.64 G
electrons. In the LCLS design,3 the bend magnet leading
the beam dump consists of three sections, each with a
netic length of 1.4 m and a deflection angle of 1.67°.
total deflection from all three dipole magnets is thus
=88 mrad, and the energy spreads of 0.024% and 0.0
fan out over 21 and 66mrad, respectively. According to Fi
4, this gives a contrast inr̃ of about 30%s2.4 in arbitrary
units at 21mrad to 1.55 at 66mradd. With undulator param
eters similar to those of the LCLSsor, alternatively, shorte
undulator section with higherKd, the CTUR pulse energy
then of the order of 0.1mJ ssee power estimates in Sec. Id.
A stronger or longer bending magnet would improve the
trast. One might also use secondary scattering foils, as
cussed in Sec. III to increase the energy spread of the sp
parts and thus increase the contrast inr̃.

The energy loss of 0.014% due to the SASE pro
leads to an angular deviation of 12mrad, which is about 1/
of the peaking angleQ=1/g of the TUR. Even without an
energy spread in the SASE bunch, this gives a very s
contrast inr̃ ssee Fig. 4d. With the 0.024% energy spread
the SASE bunch, this contrast is decreased even fu
However, the coherent x-ray power of 10 GW is an ave
value. The SASE radiation exhibits very strong inten
fluctuations, and, in some bunches, the power loss to c
ent x-ray emission is much larger—a factor of 2 will impro

˜

h

u-

the contrast inr to about 10%. This also opens the interest-

license or copyright, see http://rsi.aip.org/rsi/copyright.jsp



l to
pen

En-
No
and
ab
als
nu-

nal
in
UR

tra-

the

se

ion
ll

the

s
g.

-

ons
s as
dis

on
or
f

,
xim
r

ions

the

re
e
t in
ion.

e
-
ons

-
n

aller
all
ifi-
, the

ion
th
po-

-
per-
orre-
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ing possibility of using the CTUR as a diagnostic too
monitor the energy loss to coherent x-ray emission inde
dently from the x rays themselves.
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APPENDIX A: NEAR-FIELD TUR
This Appendix revisits the derivations of the origi

paper1 on TUR for an undulator that is not negligibly short
comparison to the observation distance, i.e., near-field T

The electromagnetic field of a relativistic electron
versing an undulator of lengthL in a timeT=L /c is observed
at a pointx relative to the origin placed into the center of
undulator. The momentary position of the electron isr std,
andbstd is its velocity in units of the speed of light. Becau
later on, a bunch of electrons will be considered,r must be
split into the positionr 0 of the bunch center and the posit
s of the electron relative tor 0. Beam-dynamic effects wi
not be considered, i.e.,s is assumed constant andr std
=r 0std+s. The coordinate origin is chosen in the center of
undulator andr 0s0d=0.

The vector from the electron to the observer isRstd=x
−r std, expressed in terms of the distanceRstd= uRstdu and
direction nstd=Rstd /Rstd. The angleQ of observation i
given by cosQ=n·rstd / ur u. This geometry is shown in Fi
8.

With Eqs. s14.62d and s14.66d of Ref. 5, the vector po
tential observed at positionx is

Asvd = S e2

8p2c
D1/2E

−T/2

T/2

eivst+Rstd/cd d

dt
Fn 3 fn 3 bg

1 − b · n
Gdt,

sA1d

where integration limits ±̀ of Eq. s14.62d of Ref. 5 are
replaced with ±T/2 under the assumption that the electr
go on straight paths before and after the undulator. Thi
sumption and the minimum lengths of these paths are
cussed in Appendix C.

Becauseg is very large in the LCLS, the observati
angleQ is small ssee laterd and the length of the undulat
producing the TURssee Appendix Cd is a sizeable fraction o
the overall dimensions of the XFEL facility. Thereforen
cannot be taken as a constant, and the common appro
tion s14.63d of Ref. 5Rstd= uxu−n·rstd must be examined fo
its validity. This makes it necessary to revisit the derivat
of Ref. 1.

With the law of cosines,x2=r 2+R2+2ur uRcosQstd, a

quadratic equation forR is obtained, which can be solved as
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R< uxu − n · r −
r 2

2uxu
+

sn · rd2

2uxu
s1 + r 2/x2d sA2d

by expanding the square root to first order. Keeping only
terms uxu, n·r and the next-order corrections, realizingusu
! ur u, and usingr 2−sn·rd2=r 2sin2Q, gives

R< uxu − n · r − n · s−
r 2sin2 Q

2uxu
, sA3d

and, with kstd=1−n·b and the approximationsur u<ct and
sinQ<Q, the exponential in Eq.sA1d becomes

FfssdexpFivE
0

t

kst8ddt8 − iv
ct2Q2

2uxu G , sA4d

where F=expsivuxu /cd and fssd=exps−ivs·n/cd are both
constant in time. The former,F, is of no further concern he
becausex is constant. The latter,f, is also constant in tim
and thus irrelevant here. However, it will be all-importan
Appendix B in the context of coherent synchrotron radiat

With n·b=cosQubu and ubu=Î1−g−2, we have k
<sg−2+Q2d /2, and withn3b<sinQ, the expression in th
square brackets in Eq.sA1d peaks atQ=1/g. The observa
tion pointx will have to be chosen accordingly, and secti
of the undulator for whichQ deviates strongly from 1/g
contribute only weakly. AtQ=1/g, the integral in the argu
ment of the exponential in Eq.sA4d is larger than the fractio
following it by a factor of 2uxu /ct, and can be written as

expFivE
0

t

sst8dkst8ddt8G, sstd = 1 −
ct

uxu
. sA5d

As long as the argument of that exponential is much sm
than p /2, the scaling factors may be considered a sm
quantitative correction, not leading to qualitatively sign
cant changes in interference effects. Also, in that case
exponential in Eq.sA5d may be written as a Taylor expans
to first order. WithQ=1/g=37 mrad and an undulator leng
of 100 m, the limiting wavelength, below which the ex
nent exceeds unity, is about 800 nm.

After writing Asvd=se2/2cd1/2FfAsvd to make the fol
lowing derivations directly comparable to Ref. 1, and
forming an integration by parts, we get an expression c
sponding to Eq.s2d of Ref. 1:
FIG. 8. Geometry of the determination ofRstd andnstd.
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Asvd =
1

2pHF1 + ivE
0

t

sst8dkst8ddt8G
3UFn 3 fn 3 bstdg

kstd GU
−T

2

T
2

−E
−T/2

T/2 n 3 fn 3 bstdg
kstd

ivsstdkstddtJ . sA6d

Under the assumption that the velocity loss and d
tional change in the undulator is negligible, i.e.,bs−T/2d
=bsT/2d¬b0 andks−T/2d=ksT/2d¬k0, this is

Asvd =
iv

2p
E

−T/2

T/2

sstd

3
n 3 sn 3 b0dkstd − n 3 fn 3 bstdgk0

k0
dt. sA7d

With the explicit representationkstd=1−n·bstd and the vec
tor formula a3 sb3cd=sa·cdb−sa·bdc sapplied to both
double cross products and, again, for assemblyd, Eq. sA6d
becomes

Asvd =
iv

2p
E

−T/2

T/2

sstdHn 3 fn 3 sb0 − bdg
k0

+
b0sb · nd − bsb0 · nd

k0
Jdt. sA8d

The electron velocity consists of a rapid transverse os
tion b' and a longitudinal oscillation about an average
gitudinal velocitybi <e,sub0u−kb'

2 l /2d, where, for the pur
poses of considering a single electron, the vectoe,

=b0/ ub0u can be considered to be identical to the unit ve
ez. The transverse velocityb' is given by ub'u
=sK /gdcoss2pct/lud, where K is the undulator paramet
sK=3.5 in the LCLSd, andlu is the undulator period in th
lab frame. The transverse oscillation and, to a much le
extent, the longitudinal oscillation are the source of the r
lar undulator radiation at high frequencies. These rapid
cillations average out in the integration in Eq.sA8d becaus
that expression has been derived with a first-order Ta
expansion for the exponential in Eq.sA5d. This expansio
would clearly be invalid in a derivation of the regular un
lator radiation because the whole point of using an undu
is to introduce a phase slippage of many times 2p. This also
brings up another point: at first sight, it may seem contra
tory to predict a peaking of TUR atQ=1/g when the angula
variations of the electron trajectory exceed this angleK
.1. However, here too, one has to distinguish between
average longitudinal velocity and the high-freque
wiggles, whose effect averages out in the integration.

Therefore, the second fraction in Eq.sA8d, whose nu
merator isfb0sb' ·nd−b'sb0·ndg<−b', does not contrib

2
ute, and ofb0−b in the first fraction, onlykb'l /2 remains.
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Asvd =
iv

2p
E

−T/2

T/2

sstdn 3 sn 3 e,d
kb'

2 l
2k0

dt. sA9d

Due to the termn3 sn3e,d, the TUR light is radially polar
ized. If the factorsstd=1, and with a constant angleQ fhid-
den in un3 sn3e,u=sinQg, Eq. sA9d could be integrate
trivially and Eq.s10d of Ref. 1 would be obtained. Howev
for observation distancesuxu not much larger than the und
lator length, the factorsstd drops off from 1 for timest
corresponding to the ends of the undulator andQstd deviates
from the peaking value of 1/g for at least some parts of t
undulatorssee Fig. 8d. Both s andQ thus have the effect
restricting the length of the undulator that actually con
utes to an effective lengthL° ,L=Tc.

When observed at the angleQ=1/g, the frequenc
rangev,,v,vu of the radiation is bounded below by t
reciprocal relativistically compressed effective undulator
versal time. The upper limitvu is given by the condition th
the exponent in Eq.sA5d must be small.

APPENDIX B: CTUR
Instead of a single electron, we shall now conside

electron bunch with a phase-space densityrsz,b ,x,x8 ,y,y8d,
where the longitudinal coordinatez and the transverse spa
and angular coordinatesx, y andx8, y8 are meant relative t
the bunch center. The densityr is normalized to make th
integral overX equal to the number of electrons in the bun
The validity of this continuous-density model is discus
later. In the context of a bunch, the phase factorfssd
=expsivs·n /cd becomes relevant. It can be approximated
expsivz/cd becausen is almost parallel to thez axis.

With Eq. s14.60d, of Ref. 5 the numberN of photons
emitted into a frequency bandv±Dv /2 and into a solid
angledV is d2N/dvdV=2uAsvdu2/"v, and thus

dN

dV
=

Dv

v
aUE dXrsXdeikzAsvdU2

, sB1d

wherek=v /c, a=e2/"c, andX is an abbreviation for the s
of arguments tor.

The energy spread in the bunch is assumed to b
small thatg andb' can be taken as constants. However,
beam divergence is important here, and the vectore, can no
longer be assumed to be parallel toez. Taking the coordinat
direction x to be in the plane ofn and ez, the expressio
un3 sn3e,du is now uQ−x8u, where x8 is the two-
dimensional vector of the transverse angular coordin
sx8 ,y8d and Q is the observation angle, also as a t
dimensional vector. Likewise, in the denominator 2k0=2s1
−n ·bd<sQ2+g−2d must now be replaced withfsQ−x8d2

+g−2g, and, with this, the termfn3 sn3e,dg / s2k0d in Eq.
sA9d is now modified to readsQ−x8d / fsQ−x8d2+g−2g. Mul-
tiplying this with rsXd, and performing the trivial integr
tions over b ,x,y swhich do not appear in the integrand
gives the definition

r̃sz,x8,y8d =
g−1uQ − x8u

sQ − x8d2 + g−2 E dsb,x,ydrsXd, sB2d

which can be interpreted as the directional electron den
˜
radiating towards the observer. The units ofr are number-of-
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electrons per real-space volume. With this, Eq.sB1d is

dN

dV
=

avDvL°2g2kb'
4 l

4c2p2

3FE dz1dz2dx18dx28e
iksz1−z2d

3r̃sz1,x18dr̃sz2,x28dG . sB3d

The subscripts 1, 2 are used to differentiate between int
tion variables instead of the customary prime “8” to avoid
confusion with the notation of angular variables.

With r̃ being a number density per real-space volu
the integral in Eq.sB3d is dimensionless. The units in t
fraction before the integral cancel out, leaving a dimens
less numberN of photons per unit solid angleV. The integra
can be interpreted as representing the number of charge
related with each other on the scale of the wavelengl
=2p /k in z and within ansx,yd divergence of 1/g2. If the
directional charge density exhibits strong variations iz
within the wavelengthl, coherent synchrotron radiation
fects appear, which are proportional tor̃2 in the respectiv
volume, i.e., the square of the number of participa
charges.

A caveat: At very low charge densities, when the m
distance inz between electrons within asx,yd divergence o
1/g2 is not much smaller thanl, the electron densityr̃ must
be made to reflect the quantized nature of the electric ch
This can be done through the introduction of statistical fl
tuations in r̃ smaller thanl in longitudinal extent. Othe
wise, Eq.sB3d would give unphysical results: in the extre
case of one electron in a bunch many times the lengthl,
a smoothly spread-out electron density would make
double integral be much less thang−2Q2/ sQ2+g−2d2 sas it
should be for a point charged. With typical XFEL parameter
i.e., l nC in a bunch of 30mm in length and at micron wav
lengths, this problem does not occur. For the compariso
the CTUR intensity to that due to TUR from a single e
Downloaded 02 Jun 2005 to 164.54.146.3. Redistribution subject to AIP 
-

r-

.

f

tron, the integral in Eq. sB3d can be replaced wi
g−2Q2/ sQ2+g−2d2, which makes Eq.sB3d correspond to Eq
s11d of Ref. 1.

APPENDIX C: RADIATION LENGTH
An important implicit assumption in the above treatm

of TUR is that the electrons enter and leave the undulat
extended straight paths. Just how long these straight se
have to be can be determined through a consideration o
coherence charateristics of the emitted TURssee Fig. 9d.
Corresponding to the small peaking angleQ=2/g of the
azimuthally integrated emissionssee Fig. 2d, the transvers
source size is given bys=l / s2/gd. The observer that se
this transverse size at an angle of 2/g is actually looking at
straight section of lengthL=s / s2/gd=g2l /4, which con
tains the TUR-emitting undulator. At a wavelength ol
=800 nmsthe wavelength of Ti:sapphire lasersd and with the
LCLS value of g=26 693, the straight section must be
leastL=145 m long, i.e., a bit more than the length of
LCLS undulator s112 md! Any bends or other deviation
from a perfectly straight electron path within this length
generate radiation that interferes with the TUR, which
generally have the effect of increasing the solid angle
which the radiation is emitted.
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FIG. 9. sColor onlined The minimum length of the straight section conta
ing the undulator is determined by the source sizes due to diffration of the
infrared light of wavelengthl.
license or copyright, see http://rsi.aip.org/rsi/copyright.jsp


