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Total Exemal Reflection and Xyay Mino rs

Theindex of refraction for x-rays can becalculated using a simpl e model
for the polarizability of the matenal.

Theindex of refraction, n, 1srelated to the dielectric constant, k, for the
material and can be written as:

K¥2=n =1-5-ip

whered = (nJ/2mA2 with n, the number of electrons per unit volume
and 3 = Ap/41t, with p the linear absorption coefficient.
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Let an x-ray (in vacuum, where n, = 1) impinge on a material with
Index of refraction n,. From Snell's Law, it isclear that @, > @,, sSincen,
< 1. When @, = 90°, we have:

sin(g.) = cos(6) = n,cos(0); (6,=90° - @.)
or
1-(0)%42=1-9
0]
0, =(20)Y2 =CAVp

0. i1sthe so-called critical angle, the angle at which thereis total external
refl ection.
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Snell's Law says:
air

N1 (1) nisin(@1)= nzsin(Q2)

Typical values for

nzare (@ 1 A):

-5 -6
1-10 to 10

| |
I I
| |
|
| |
| |
| |
Gc | I
Oc¢ : \/
¥ 1 -
| | |
I\ ! !
! ! ! Total
l l l external
[ [ [ ;
reflection
v i i i

sin(@c) = n2/n1


mailto:@ 1 �

Advanced
Photon
Source

ARGONNE NationAal LAbOR

I TTH
oG il a1 L TR el

LR

Reflectivity
Lol =

T T TTEI

i l!!lllll

| II.I|||I

0
N
b
]
1]

(o]
Normalized Glancing Angle 8/8.

Bilderback, D.H., 1981, Proc. Soc. Photo-Opt. Instrum. Eng. 315, 20.
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Uses of Minrors
Separation of branch lines

Low passfil ters

One-dimensiona focusing, colli mating, etc. (cyli nders and ellipses)

Two-dimensional f ocusing (toroids and ellipses)
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The relationship between the f ocal length, f, the source-to-mirror distance,
F,, and the mirror-to-image distance, F,, the radius of curvature, R,
(for meridional radius) and the grazing inci dence angle is given by the
"lens’ equation:

Ut =1UF + 1UF,
then

Ry =[2/sn 6] [Fy F/(F+ F))]

R.=R,,sn’6
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Example: A bent toroidal mirror isinstalled on the bending magnet
beamline at the APS fol lowing a DCM.

Given:

F, =F,=30m

© = (2.5 mrad)

@, = ly=73microradians, @, =1mrad

o, = 100 microns, o, =40 microns
The calculated parameters for this situation are:

R, =12 km R, = 0.075m (7.5cm)

L, = 0.88m Lo = 0.60m

L, =L, +L,=15m
Qerticyg =™ = 100 microradians
A4y = 140 microns
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Figure and finish

The mirror figure is of ten defined as the overall (macroscopic) shape of
the mirror while the fini sh describes (microscopic) roughness

With radiation opening angles on the order of 10 microradians or less, the
current requirement for the dope errors for an x-ray mirror isafew
microradians rms.The 1 microradian rmslevel over amirror of length
1 meter is at thestate-of-the-art in polishi ng capabilities.

Mirror fini sh is also technically challenging for f abricators with gecified
rms roughnesses on the orde of several Angstroms. State-of -the-art
mirror polishing techniques can result in mirror surfaces with sub-
Angstrom rms roughness and sub-microradian rms slope errors over

small areas.
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Diffraction by Perfect Crystals

In Darwin's 1914 analysis which took into account multiple scattering,
(i.e. he self -consistantly solved Maxwell’s equations in a medium with
a periodic dielectric constant), he discovered several important points:

The resultant waves insi de the crystal travel with a group velocity
dightly greater than the speed of light (i.e. theindex of refraction must
be dlightly less than unity) resulting in adlight shift in the Bragg angle
(asdefined by Bragg'sLaw).

At that corected Bragg angle the reflectivity is 100% (neglecting
absorption) and the refl ectivity curve has afinite angular width (what
we now call the Darwin width).
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Diffraction by Perfect Crystals

The Darwin width is proportional to thestructure f actor and hence the

integrated intensty must be proportional to F (and not F? asis the case
In Kinematical theory).

Due to extinction (the attenuation of the incident beam due to the
scattaing process) theeffective vol ume of the scattering medium that

participates in the diff raction process decreasessignif icantly within the
Darwin width.
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Phase Space Manpulation wih Perfect Ciystals

surface
a

Atomic Planes
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Sagittal Focusng with Perfect Ciystakb

Recall that sagittal f ocusing is f ocusing out-of-the-plane of
diffraction.

The ideal geometry for point-tojoint f ocusing is one in which the
refl ecting crystal planes are curved to an ellipsoidal shape.

However we will continue to use a cylindrical shape in which case
the sagittal radius, R, i s given by:

R.= 2sn O [F, FJ(F +F))].
One of the reasonscylindrical shapes are so appealing is that they

can (relativel y) easily be produced by bending fl at platesto
cylinders.
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Compound Refractive Lenses

X-ray lenseshave been considered for many years. Kirkpatrick and

Baez pointed out that
Roentgen'sfirst expernments convi nced him that x-rayscould

not be concentrated by lenses; thirty years later his successors
understood why. It may readily be shown that the focal length
f of asingl erefracting surface of radius R is approximately
R/d. For several surfacesin series, arranged cooperatively, we
have Uf = o (R, + 1/R, + etc.). To make a successful | ens
we require alarge o and slight absorption.

Unf ortunately matenals of large o are also strong aborbers, the
absorption coeff icient increasing much more rapidly than o with
Increasing atomic number. An element of low atomic number, such as
beryllium, isindi cated.
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Compound Refractive Lens
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What has happened over thelast severa years that now makes the
compound lens apossibility? The answe is high brilliance
synchrotron radiation beams.

Consider acylindrical hol e of radius R machined into some material
with index of refraction givenby n=1-0. Thiswill act asalensfor x-
rayswith afocal length, f, given by:

Uf=3d(UR + 1/R)

or

f =R/20
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If alinear array of N holes are fabricated the focal | ength is given by:

f = R/2ND

Plugging i n some numbers, suppose that R = 1 mm (see below),
0 =109, and N = 50 then thefocal length, f, wouldbeat 10 m. These

lenses focus at rather larger distances and might be well adapted to the
scale of synchrotron radiation beamlines.

These x-ray lenses behaves as a conventional Iens and we can usethe
thin lens f ormulato describe its properties.

1Uf = UF, + UF,

where F, (F,) isthe source-to-lens (lens-to-image) distance.
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FresnelZone Plates

Zone plates in the optical region of the spectrum have been well
known for many years and in Baez 1952 suggestad that zoneplates
might be usef ul inthe V UV region of the spectrum.

Again, dueto their small size (typically considerably | essthan 1 mm
In diameter) they only became practical with the avai lability of
highly coll imated synchrotron radiation.

Today, the use of zone plates for the two-dimensional focusi ng of x-
raysiswell established in the synchrotron community, especially in
the soft x-ray microscopy community and becoming i ncreasingly so
in the hard x-ray regime.
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Zone plates are circular diff raction gratings; that is structures
composed of alternating concentric zones of two materials with
dif f erent (complex) refractive i ndices.

The focusing capability is based on constructive interference of the
wavef ront modif ied by passage through the zone plate.

The wave that emerges from the zone plate is the superposition of
spherical waves, one f rom each of the zones.

The wavef ront modif ication is obtained through the introduction of a
relative change in ampl itude or phase in the beams emerging f rom
two neighboring zones.
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A zone plate is called an ampl itude zone plate if the f ocusing results

because waves of the "wrong" phase are remov ed by opaque (high
absorption) zones

It is called a phase zone plate if the phase change upon transmission
through a zone is themechanism f or the focusing.
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Consider the figure below wheae R, isthe distance from P to the outer
boundary of the n" "zone", which hasasaradiusr,,, and f isthe foca
length.

Incident
Plane Wave
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For construdive i nterference, the pathlength from the n zone and the
(n+2)" zone should dif fer by a (multiple m of the) wavel ength, or the
pathlength of adjacent zones should differ by a (multiple m of the) half

wavelength, i .e.,

R =f+m@A/2n n=1,2 3....,

Theradius, r,, of the n zone can be written as (assuming f >> nA):
r, = (mfan)¥2
Thefocal length f or the mth order can be written as:

f, =r2/ man
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In general, the size of thefocal spot from the zone plateis
determined by the width of the outermost ring, Ar,,, and i s given by:

Ax =1.22 Ar_,/m .

State of the art zone platemasks are fabricated with e-beam writers
and then reproduced with x-ray lithographic tedniques.

Zones plates with outermost ring widths of less than 30 nanometers
can currently be f abricated.

If ill uminated with an x-ray beam whose spatial coherence lengthis
equal to or greater than the sze of the zone plate, a dif fraction-limited
f ocus can be obtained.



